6.1
Continuity at a Point

Learning objectives:

e Tostudy the concept of continuityof a function at a point
andto present continuity test

e Tostudy the types of discontinuitiesthrough examples
And

e To practice related problems
Continuity at a Point

A continuous function is a function whose outputs vary
continuously with the inputs and do not jump from one value
to another without taking on the values in between. Several
physical processes proceed continuously, and they are
represented by functions of a real variable and have domains

that are intervals or unions of separate intervals.

We study the continuity of a function at a point. There are
three kinds of points to consider: interior points, left
endpoint(s), and right endpoint(s).

Definition: continuity at a point
A function fis continuous at an interior point x = ¢ of its

domainif

limf (x) = f(c)

X—C

Continuityatend points is defined by taking one-sided limits.
A function f is continuous at a left endpoint x = a of its
domain if

lim f(x) = f(a)

x—at
and continuous at a right endpoint x = b of its domain if

lim f(x) = f(b)

In general, a function f is right-continuous at a point x = c in
its domain if lim f(x) = f(c). Itis left-continuous at c if
X—=C

Iim f(x) = f(c).

X—=C

Thus, a function is continuous at a left endpoint a of its domain
if it is right-continuous at a and continuous at a right endpoint
b of its domain if it is left-continuous at b.

A function is continuous at an interior point ¢ of its domain if
and only if it is both right-continuous and left-continuous at c.
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If a function f is not continuous at a point ¢, then we say that f
is discontinuous at c and c is called a point of discontinuity

of f.

Types of discontinuities:

The function in (a) is continuous at x = 0.

The function in (b) would be continuous if it had f(0) = 1.

The function in (c¢) would be continuous if f(0) were 1 instead
of 2.

The discontinuities in (b) and (c) are removable. Each function
has a limit asx — 0, and we can remove the discontinuity by
setting f(0) equal to this limit.

The discontinuities in parts (d) to (f) are of different nature:

linaf(x) does not exist.
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The step function in (d) has a jump discontinuity: the one-

sided limits exist but have different values.

The function f(x) = Liz in (e) has an infinite discontinuity:.
These discontinuities are the ones most frequently
encountered in applications. The function in (f) has an
oscillating discontinuity at the origin because it oscillates too

much to have limitas x — 0.

Example 1: A function continuous through out its domain.

The function f(x) = V4 — x? is continuous at every point of its
domain, [—2, 2].

bk

-2 0

Thisincludesx = —2, where f is right-continuous, and x = 2,

where f is left-continuous.

Example 2: The unit step function has jump discontinuity.

The unit step function is graphed below.
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It is right-continuous at x = 0, butis neither left-continuous

there nor continuous at x = 0. It has a jump discontinuity at
x = 0.

Continuity Test

A function f(x) is continuous at x = c if and only if it meets the
followingthree conditions.

1. f(c)exists (cliesin the domain of f )

2. Lingf(x) exists (f hasalimitasx - c)

3. limf(x) = f(c) (thelimitequalsthe function value)
X—=C

Forone-sided continuity and continuity at an endpoint, the
limits in parts 2 and 3 of the test should be replaced by the
appropriate one-sided limits.

Example 3:

Consider the function y = f(x), in the figure below, whose
domain is the closed interval [0, 4]. Discuss the continuity of f
atx =0,1,2,3,4.

Solution:

f iscontinuous at x = 0 because f(0) exists and

tim f(x) =1=1(0).

f is discontinuous at x =1 becauselin}f(x) does not exist;
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f has different right- and left- hand limits at the interior point
x = 1.However, f isright continuousatx = 1 because f(1)
exists, liI}lf(x) = 1, and this equals the function value.
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Note that lil}';rf(x) =1, lir}t’l_f(x) = 0.Thereforex = lisa
X— xX—3

pointof discontinuityand itis a jump discontinuity

f is discontinuous at x = 2 because lin;f(x) + f(2).
X—
Therefore x = 2 is a removable discontinuity, by setting

limf(x) = 1.

x—=2

f iscontinuous at x = 3 because f(3) exists, lim3 f(x) =2,
xX—

andthisis equal to the function value.

f isdiscontinuous at the right endpoint x = 4 because

lim f(x) = f(4).



6.2

Rules of Continuity
Learning objectives:
e Tostate the properties of continuousfunctions.
e Tostudy the continuity of polynomials, rational functions,
absolute value function and trigonometric functions.
e Todefinethe continuous extension of a functionto a
point.
And

e To practice related problems.

Rules of Continuity

Algebraiccombinationsof continuousfunctions are continuous

whereverthey are defined

Theorem: Continuity of Algebraic Combinations

If functions fand g are continuous atx = ¢, then the following
functions are continuous at x = c:

1.f+gandf—g
2.fg
3. kf , where kisany number

4. g, provided g(c) # 0
5. (f(;:!nc))F m and n are integers, n = 0.

As a consequence, polynomialsandrational functions are

continuousat every point where they are defined.

Theorem: Continuity of Polynomials and Rational Functions

Every polynomial is continuous at every point of the real line.
Every rational function is continuous at every point where its

denominator is different from zero.

Example 1: The functions f (x) = x* + 20 and

g(x) = 5x(x — 2) are continuous at every value of x. The
function

v¥420
r(x) = Sx(x—2)

is continuous at every value of x except x = 0 and x = 2,

where the denominatoris 0.

Example 2: Continuity of f(x) = |x]|
The function f(x) = |x| is continuous at every value of x.
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If x > 0, we have f(x) = x is a polynomial.
If x <~ 0, we have f(x) = —x is another polynomial. Finally, at
the origin, linglxl =0 =0].
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Example 3:

We will later show that the functions sin x and cos x are
continuous at every value of x. It then follows that the

quotients
sinx COS X
tanx = , cotx = —
CoOs5 X 51N X
1 1
secx = , CSCX = —
COos5 X 51n x

are continuous at every point where they are defined.



6.3
Continuity on Intervals

Learning objectives:
e Todefine continuity of a function on its domain.

e Tostudyintermediatevaluetheorem and its applicationto
assert the existence of a zero of a function.
And

e To practice the related problems.

A functionis called continuous if it is continuouseverywhere in
its domain.

A function that is not continuousthroughoutits entire domain
may be continuouswhen restricted to particularintervals

withinthe domain.

A function fis said to be continuous on an interval I in its
domain if limf(x) = f(c) at every interior point ¢ and if the
X—=C

appropriate one-sided limits equal the function values at the
endpoints.
A function continuous on an interval [ is automatically

continuous on any interval contained in [.

Polynomialsare continuous on every interval, and rational
functionsare continuouson every interval on which they are
defined.

Example 1: Functions continuouson intervals
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{a) Continuous on [=2, 2] (b} Continuous on (==, () and (0, o)
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(e) Continuous on (—eo, 0) and [0, o) {d) Continuous on (—e, =)

Functionsthat are continuouson intervals have properties that
make them particularly useful in applications. One of these is
the intermediate value property.

Afunctionis said to have the intermediate value property if
whenever it takes on two values, it also takes on all the values
in between.

Theorem: The Intermediate Value Theorem

Suppose f (x) is continuous on an interval I, and aand b are
any two points of I. Then if y, isa number between f (a) and
f(b), there exists a number c between a and b such that

f(e) = yo.

The function f, being continuous on [a, b], takes on every value

between f(a)and f(b).

The proof of the Intermediate Value Theorem depends on the

completeness property of the real number system.

The continuity of fon I is essential to the theorem. If fis
discontinuous even at one point of f, the theorem does not
apply. Forexample, it will not apply for the function graphed

below.
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The function f(x) = [x],0 = x = 1, does not take on any value
between f(0) = Oand f(1) = 1.

The above theorem is the reason for the graph of a function
continuous on an interval I cannot have any breaks. It will be
connected, a single, unbroken curve, like the graph of sin x,
It will not have jumps like the graph of the greatest integer

function [x] or separate branches like the graph of%.

We call a solution of the equation f(x) = 0 a root or zero of
the function f. The Intermediate Value Theorem tells the
following:

If f iscontinuous, then any interval on which f changes sign

must contain a zero of the function.

Example2: Is any real number exactly 1 less than its cube?

Solution: Any such number must satisfy the equation
x=x%—-1
ie, x°—x—1=0

Hence we are looking for zeros of f(x) = x® — x — 1. By trial,
we find that f(1) = —1and f(2) = 5.Then, by the
Intermediate Value Theorem, there is at least one numberin
[1,2] where fis zero. The answer to the question is then “yes”.



6.4

Tangent Lines

Learning objectives:
e Todefinethe tangent to a curve at a pointon the curve
andto find it.
And

e To practice the related problems.

Tangent Lines

Tangent to a Curve

From the geometry, we know the tangents to circles. A lineLis
tangentto a circle at a pointP if L passes through P and is
perpendicularto the radiusat P. Such a line just touches the

circle.

The following statements are valid.

1. L passes through P and is perpendicularto the line from P
to the center of C.

2. L passes through only one pointof C, namely P.

3. L passes through P and lies on one side of C only.

These statements may not apply consistently for more general
curves. Most curves do not have centers, and a line we may

want to call tangent may intersect C at other pointsor cross C
atthe point of tangency.
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To define tangency for general curves, we take into account the
behavior of the secants through P and nearby points Q (on C)

as Q moves toward P alongthe curve,

The procedure is as follows:

1. We calculatethe slope of the secant PQ

2. Investigate the limit of the secant slope as Q approachesP
alongthe curve.

3. If the limit exists, we take itto be the slope of the curve at
P and define the tangent to the curve at P to be the line
through P with this slope.

Example 1: Find the slope of the parabolay = x? at the point
P(2,4). Write an equation for the tangent to the parabola at this

point.

Solution: Consider the secant line through P(2,4) and
Q(2 + h, (2 + h)?) nearby.

Ay _ (24h)*—2%  Rh?+4h+4-4  hE+4h

Ax h h h

Secant slope = = h+4

If h = 0, Qlies above and to the right of P, asin the figure

below.
Jr'="52 Secant slope is L‘:z_"=h+4
02+ h, (2 + R 7

— ~ Tangent slope = 4

Ay =(2+h)?—4
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As Q approachesP alongthe curve, h approaches zero and the

secant slope approaches4:
l]l.mh_,.[} h + 4 =4

We take 4 to be the parabola’s slope at P. The tangent to the
parabola at P isthe line through P with slope 4. The equation
of the tangent to the parabola at P is,
y=4+4(x—2) Point-slope equation
=y =4x — 4



