5.1

Rates of Change
Learning objectives:

e Todefinethe average rate of change of a function over an
interval and to understand the concept of instantaneous

rate of change at a point.
AND

e To practice the relate problems

Average speed:

First, we consider a familiar concept.

The average speed of a moving body over a time intervalis
the distance covered during the time interval divided by the
length of the interval.

Example 1:
Arock falls from the top of a 50 m cliff.

Physical experiments show that a solid object dropped from
the rest to fall freely near the surface of the earth will fall

y=5t2m
during the first t sec.

i) Findthe average speed:
a) During the first 2 sec of fall.
b) During the 1 sec interval between second 1 and
second 2.
ii) Find the speed oftherockatt = landt = 2 sec.

Solution:

The average speed of the rock during a given time interval is
the change in distance Ay, divided by the length of the time
interval At.

i) Theaverage speed

Ay 5x2°-5%0°

a) Forthe first 2 sec: —10m / sec
At 2-0
b) From second 1 to second 2:
Ay 5x2°-5x1°
y_2% . =15m / sec

At 2—1

ii) We can calculate the average speed of the rock over a
time interval [tﬂ,tﬂ +h] having length At = has
Ay 5(t,+h)’ -5t
At h

We cannot use this formula to calculate the “instantaneous”
speed at t, by substitutingh = 0, because we cannot
divide by 0. But we can use it to calculate average speeds

over increasingly short time intervals startingatt; = 1 and
tﬂ — 2.
Length of Average speed over Average speed over
time interval of length h interval of length h
interval h startingatt, = 1 startingatty, = 2
0.1 10.5 20.5
0.01 10.05 20.05
0.001 10.005 20.005
0.0001 10.0005 20.0005
0 10 20

The average speed on intervals startingatt, = 1seemsto
approach a limiting value of 10 as the length of the interval
decreases. This suggests that the rock is fallingat a speed of
10 m/sec at t, = 1 sec.Similarly, the rock’s speed at

to = 2 secwould appearto be 20 m/sec.



5.2

Concept of Limit

Learning objectives:

e To understand the concept of the limit of a function
through examples and to give an informal definition
ofthe limit of a function

AND

e To practice related problems.

Concept of Limit

The concept of limit of a function is one of the fundamental
ideasthat distinguish calculusfrom algebra and
trigonometry. First, we develop the limitintuitivelyand then
formally.
First we look at an example:

2

x —1

How does the function f(x) = behave near x=1?

The given function f is defined for all real numbers x except
x = 1 (since we cannot divide by zero). Forany x = 1 we
can simplify the function by factoring the numerator and
cancellingthe common factors:

£(x) :(_x—l)(_x-l—l)

=x+1 for x =1

The graph of f isthusthe liney = x + 1 with one point
(1,2) removed. This removed point is shown as a “hole” in
the figure.

The graph of f is identical with the line y = x + 1 except at x = 1lwhere f is not
defined.

Even though f(1) is not defined, it is clear that we can make
the value of f(x) as close as we want to 2 by choosing x
close enough to 1.(see the followingtable)

2

Values of x x -1
Below and above 1 J(x)= x—1 =X+l x=l
0.9 1.9
1.1 2.1
0.99 1.99
1.01 2.01
0.999 1.999
1.001 2.001
0.999999 1.999999
1.000001 2.000001

We notice that the closer x gets to1, the closer f (x) seems

to get 2.

We say that f(x) approaches arbitrarily close to 2 as
x approaches 1, or, more simply, f(x) approaches the limit 2

as x approaches 1. We write this as

X —1:2

lim f(x)=2 or Ilim
x—1 =l xy—1



5.3

Rules for Finding Limits

Learning objectives:

e Tostate the properties of limitsand to apply them to
polynomial andrational functions

e Tostatethe Sandwich Theorem
And

e Tofind the limits of functions by different techniques

Properties of Limits

Here we state, rules to calculatethe limits of functions that
arethe arithmetic combination of functions whose limits are

known.

If L, M, ¢ and k are real numbers and lim f(x)=L and

X—+C

limg(x)=M then,

1. Sum Rule: lim[f(x)+g(x)]=L+M
I.e., The limit of the sum of two functions is the sum of their
limits

2. DifferenceRule: Im|[f(x)—g(x)]=L-M

i.e., The limit of the difference of two functions is the

difference of their limits.

3. ProductRule: lim[f(x)-g(x)]=L-M

i.e., The limit of the product of two functionsis the product

of their limits.

4. Constant Multiple Rule:
lim £f (x) = kL (any number k)

i.e., The limit of a constant times a function is that

constanttimes the limit of the function.

5. Quotient Rule: lim J(x) = L . M =0

X g(x) M

i.e., The limit of the quotient of two functionsis the
quotientof their limits, provided the limit of the

denominatoris not zero.

6. Power Rule: If mandn are integers, then

m m m

lim[ f(x)]" =L", provided L" is a real number.

i.e., The limit of any rational power of a function is that

power of the limit of the function

.3 2
Example 1: Find Lim > +?_4'1 3
x> X" +3

Solution:

lim x> +4x* —3=lim x° +lim4x” —lim 3

X X—C X—C X—C
(Sum and difference rule)
. 3 .2
=lim x” +4limx" — 3

X X

(Constant multiple rule)

:(ﬂ .1,) +4(llm.1,) -3

(Power rule or product rule)

:ES +4E2—3 ['_' Iim x:cjlim k:k)

X—»C

lim x* +5=1lim x’ +llmS (Sum rule)

X—C X—C

2
:(lim x) + lim 5 (Power rule)

X—C X—xC

—c’+5 [ lim x =c,lim k:k)

X X—»L

. 3 ‘2_
X +4x -3 _{"_2 X" +4x" -3

Now lim = uotient rule
xse xP 45 ljm x 45 4 )
3 2
_ € +24E 3 ('.'c2+5i0)
c+5
Example 2: Find lim v4x’ -3

x——2

Solution:

lim \J4x* -3 = [lim (4.1':2 —3) (Power rule)

x— -2 x—» =2

lim 4x* — lim 3 (Difference rule)

x— =2 x— =2

4 lim x* —3(Constant multiplerule)

x—»—2

x——2

\/ (llm X —3 (Power rule)

:\/4(—2)"'—3 —J13



5.4
Formal Definition of Limit

Learning objectives

e Togive a formal definition of the limit of a function
andto prove some properties of limits.
And

e Tosolverelated problems.

Formal Definition of Limit

We look at an example of determining the input values x that

ensure the output y near a target value.

Example 1:

How close to x; = 4 must we hold the input x to be sure

that the outputy = 2x - 1lieswithin 2 unitsofy, = 77?

Solution:

The problem simply means:

For what values of x is |y - 7| < 2.

We have |y — 7| = ‘Zx —1 —7‘ = ‘Zx — 8‘.The question
becomes:

What values of x satisfy the inequality |2x — 8| < 27?
We solve the inequality:

2x—-8|<2

— —2<2x—-8<2 > 6<2x<10

— 3<x<5 —>—-l<x—4<l1

Keeping x within 1 unitof x;, = 4 will keep y within 2 units

ofy, = 7.

y = 2x 7

f Upper bound:
/S ¥y=9

To satisfy |
J
this [

Lower bound:
y=25

0

In a target-value problem, we determine how close to hold a
variable x to a particular value x; to ensure that the outputs

f (x) lie within a prescribed interval about a target value L.

To show that the limitof f(x) as x » x, actuallyequals L,
we must be able to show that the gap between f(x) and L
can be made less than any prescribed error, no matter how

small, by holding x close enough to x,.

L+ e
fix) lies
L ._Hl.} " in here
L — E ]
for all x # x;
in here
8 3
I \ s
0 — - > X

Xp — 5 Xp Xp T 3

For every ¢, if we can find a §, then we say f(x) haslimit L as

x tends to xg .

Definition

Let f (x) be defined on an open interval about x;, except
possibly at x itself. We say that f(x) approaches the limit L
asx approachesx,, and write lim f(x)=L,if, for every

x—}xu,

number e > 0, there exists a corresponding numberd > 0

such that for all x
0<|x—x,|<S=>|f(x)—L|<s

Note: If lim f(x)= L exists then itis unique.

XXy
The now accepted £,6 definition of limit was formulated by
German mathematician Weierstrass in the middle of the

nineteenth century.

The formal definition of limit does not tell how to find the
limitof a function, but it enables us to verify that a suspected
limitis correct. However, the real purpose of the definitionis
not to do calculationslike this, but rather to prove general
theorems so that the calculation of specific limits can be

simplified.

Example 2: Show that lim (5x—3) =2.

x—l
Solution:
Foragiven £ > 0, we have to find a suitable§ > 0 so that
if

0<|x—1|<J then |f(x)—2|<s.
We find § by working backwards from the € inequality:
f(x)—2|=|(5x—3)—2|=[5x—5|<=
i.e., S‘x—l‘{g
ie, |x—1<g/5
£

Thus, we cantake § = S orany smaller positive value. This

provesthat lim (Sx —3) =2.

x—l

Note:

The process of findinga & > 0 such thatfor all x
0<|x—x|<8 = |f(x)—L|<s

can be accomplished in two steps.

1) We solve the inequality ‘f(x)—L‘ < £ tofindan open
interval (a,b) about x; on which the inequality holds

forall x # x;,.

2) We find a value of & > 0 that places the open interval
(x[} —0,x, +5) centered at x, inside the interval (H?b).
The inequalitﬂf(x)—L| < g willhold for all x # x, in

this & -interval.



5.5.
Extension of the Limit concept

Learning objectives:

e Todefineright and left hand limits
e Todefinethe limitin terms of one sided limits
And

e To practice related problems.

Now we extend the concept of limit to one-sided limits,
which are limits as x approaches a from the left-hand
side(where x < a) or the right-hand side (where x > a)

only.

One Sided Limits

To have a limit L as x approaches a, a function f must be
defined on both sides of g, and its value f{x) must approach L
as X approaches a from either side. Because of this, ordinary
limits are sometimes called two-sided limits.

It is possible for a function to approach a limiting value as x
approachesa from only one side, either from the right or
from the left. In this case we say that f has a one-sided limit

X
at a. The function f(x) :W graphed below haslimit 1 as x
X
approaches zero from the right, and limit —1 as x approaches
zero from the left.

Definition

Let f (x) defined on an interval (a, b) where a < b.If f(x)
approaches arbitrarily close to L as x approaches a from within
that interval, then we say that f has right-hand limit L at a, and

we write
lim f(x)=L
x—at

Let f (x) be defined on an interval (¢, a) where c < a.If f(x)
approaches arbitrarily close to M as x approaches a from
within that interval, then we say that f has left-hand limit M at

a, and we write

lim f(x)=M

X
Forthe function f(x)=—inthe figure above, we have

¥
i c )= d i )= —
Lm f(x)=1 and lim f(x)=-1

A function cannot have an ordinary limit at an endpointof its

domain, butit can have a one-sided limit.

.\u-cgal:ul; side af @
X=sa"

Positive side of a
r=ra*

[ [
i
X vl
I
I
I
I
I
"
(1]

- -

The symbol x —»a means x approachesa from the negative

side of g, through values less than a.

The symbol x — a™ means x approachesa from the positive

side of a, through values greater than a.

Example 1: The domainof f(x)=A/4—x? is [-2,2];its

graph is semi-circle shown below.

]

-2 0

lim f(x)=0,lm f(x)=0
The function does not have a left-hand limitat x =—2ora
right-hand limitat x =2. It does not have ordinary two-sided

limits at either —2 or 2.
One-sided versus two-sided Limits

Afunction f(x)hasalimitas xapproachesc ifand onlyifit
has left-hand and right-hand limits there, and these one-

sided limits are equal:
Iim f(x)=L < !im_f(x):L and !im+f(x):L

Example 2: All of the following statements about the function

graphedin the figure below are true.

Atx =0

fm /() =1

lim f(x)and li_11>1n J(x) donot exist. The functionis
x—=0" X

not defined to the leftof x = 0.

Atx =1
lim f(x)=0 eventhough f(1) = 1
lim f(x)=1

lm} J(x)does not exist. Theright-hand and left-hand

limits are not equal.

Atx = 2

Iim 7(x)=1

lim /(9)=1

IJE f(x)=1 eventhough f(2) = 2.
Atx =3

lim /(x)=lim /(x)=lim /(x) = /(3) =2

Atx =4
lim f(x)=1 eventhough f(4) =+ 1.
x—d"

lim f(x)and li_11>14 S (x) do not exist. The function is
x—4" x

not defined to the right of x = 4.
At every other point ain [0,4], f(x) has limit f (a).

The function y = sin[l)has neither a right-hand nor a
h%

left-hand limit as x approaches zero. This can be seen from

the following observations.

: : 1 :
As x approaches zero, its reciprocal  grows without bound

and the value of sin(1/x) cycle repeatedly from —1 to 1.
Thereis no single number L that the function’s valuesstay

increasingly close to as x approacheszero. Thisis true even
if we restrict x to positive or negative values. The function
has neither a right-hand limit nor a left-hand limit at x = 0.

v

1=

/ | Il'l | |!| | ||| L | 1
f I ll', ” |L! Il || U i.|l.'|. \h / V= sind

The formal definition of two-sided limits can be easily

modified for one-sided limits.

Right-hand Limit
We say that f(x) hasright-hand limit L at x,, and write

lim f(x)=L

" t
XX

if for every number & > 0 there exists a corresponding

number & > 0 such that for all x

X, <X<x,+0 — ‘f(x)—L‘{::;

Jixllies
i hie

1]
IMe A

Left-hand Limit
We say that f(x) has left-hand limit L at x,, and write

lim f(x)=L

XX

if for every number £ >0 there exists a corresponding

number & > 0 such that for all x

X, —0 <X <X, — ‘f(x)—L|-::£




5.6
Infinite Limits

Learning objectives:

lim sing
650 6°
e To define limits of a function at +oo

e To study

e Todefineinfinite limits of functions
AND

e To practice related problems.

T . sin &
Limits involving 0

We have already noted that limsin & = 0 and lim cos 8 = 1.

g—-=0 -0

n @
We now, take up lln{}T where 0 is measured in Radian
_’

- 1 from the following figure

g-=0

(sin@)
)

The graph of f(0) =
Notice that sin @ and @ are odd functions. Therefore

f(6) =
the y —axis (see the above fig). This symmetry implies that the

left-hand limit at O exists and has the same value as the right
hand limit:

. sing 1= 1 sin @
60~ 8 g0t O
Therefore, limg_,g SIEH =1

We prove the above result algebraicallyin a subsequent

module.
Example1:
. . . cosx—1 . . sin 3x
Find (i) lim (ii) lim
x—0 X x—0 2x
Solution:
. 2 X X
i i cosxy—1 ) —2 51n° — i sin—
(i) lim = lim——2 = —lim—2. lim sin>
x—=0 X x—0 x x—0 E x—0 2
=—1.0=0
.. .  sin3x . 3\ sin 3x
(ii) lim = lim (=
x—0 2x x—0 \2 3x
3 . Sin3x
== .lim
2 x>0 3x

Putf = 3x.Now, 8 — 0asx — 0.

3 . sin & 3 3
— (=) .lim — =, 1==
2) "650 6 2 2




