2.1
Vector Addition and Subtraction

The mathematical conceptof vectorturns out to be very useful forthe
description of position, velocity, and acceleration in two- or three-

dimensional motion.

Physical Quantities

A physical quantityis a numberthatis usedto describe a physical
phenomenon quantitatively. Some physical quantities, such as time,
temperature, mass, density, and electric charge, can be described simply
by a single numberwith a unit. For example, the temperature ata pointofa
body is 60° C. But many other important quantities have a direction

associated with them and cannotbe described by a single number.

To describe the motion of an airplane, for example, we mustsay not only
how fastthe plane is moving, but also in what direction. The speed of
airplane combined with its direction of motion togetherconstitutes a
quantity called velocity. Anotherexample is force, which means a push or
pullexerted on a body. We need to specify notonly the amountof push or

pullbut also the direction along which the push or pull is applied.

Scalarand Vector Quantities

When a physical quantity is described by a single number, itis called a
scalar quantity. In contrast, a vector quantity has both a magnitude and
a direction in space. Calculations with scalar quantities use the operations
of ordinary arithmetic. Forexample, 6 kg + 3 kg = 9 kg. However,

combining vectors requires a different set of operations.

We considerthe vector quantity displacement. Displacementis simply a
changein position of a particle. In the figure below, we representthe
change of position from point P, to P, by a line from P, to P,with an
arrowhead at P, to representthe direction of the motion. Displacementis a
vector quantity because we must state not only how far the particle moves,
butalso the direction along which it moves. The directed line segment BP,
is the displacementvectorofthe particle. A dispacementvectorhas a
length and a direction

We usually representa vector quantity such as displacement by a single
letter, such as A. In print, it is conventionalto use vectorsymbols in
boldface withoutan arrow above them, forexample, as A. In handwriting,
vectorsymbols are written in light italic with an arrow above them, for
example as 4. When drawing any vector, we always draw line with an
arrowhead atits tip. The length ofthe line shows the vector's magnitude,

and the direction of the line shows the vector's direction.

Displacementis always a straight-line segment, directed from the starting
pointto the end point, even though the actual path of the particle may be
curved. Infigure (b) the particle moves along the curved path shown from
P,to P, butthe displacementis still the vector A. The displacementis not
related directly to the total distance traveled. If the particle were to continue
onto P;andthen return to P4, the displacementforthe entire trip would be

20,

If two vectors have the same direction, they are parallel. If they have the
same magnitude andthe same direction, they are equal, no matter where
they are located in space. The vector A’ from point P; to point P, in the

figure below has the same length and direction as the vector A from P4 to

These two displacements are equal, even though they start at different
points. We write this as A=A'. Two vectorquantities are equal only when

they have the same magnitude andthe same direction.

We define the negative of a vector as a vectorhaving the same
magnitude as the original vectorbut the opposite direction. The negative of
vectorquantity A is denoted by —A. The relation between Aand Bmay be
writtenas A=-B or B=-A. Whentwo vectors A and B have opposite
directions, whethertheirmagnitudes are the same or not, we say that they
are antiparallel. The magnitude of a vector A is denoted by

A(light italic) or |A|. By definition the magnitude of a vectorquantity is a scalar

quantity (a number)andis always positive.

When drawing diagrams with vectors, we will use a scale in which the
distance onthe diagramis proportional to the magnitude of the vector. For
example, adisplacementof 5 km might be representedin a diagramby a
vector1 cmlong. In a diagram forforce vectors we mightuse a scalein
which a vectorthatis 1 cm long represents aforce of magnitude 5 N. A 20-
N force would then be represented by a vector4 cm long, with the

appropriate direction.



2.2

Vector Components

Cartesian Coordinate System

We considera rectangular (Cartesian) coordinate systemof axes.
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We draw a vectorwith its tail at O, the origin of the coordinate system. We
canrepresentany vectorlying in the xy-plane as the sum of a vector

parallelto the x-axis and a vectorparallel to the y-axis. These two vectors

are labeled A and A, in the figure above (we will drop the use of arrow

with boldface letters); they are called the componentvectors of vectorA,

and theirvectorsumis equalto A.
A=A, +A,

In essence, we have broken the vector A into two perpendicularvectors
thatare parallelto the coordinate axes. This processis called the

decomposition of vector Ainto its componentvectors.

Components of Vectors

By definition, each component vectorlies along a coordinate-axis direction.
Thus we need only a single numberto describe each one. When the
componentvector A, points in the positive x-direction, we define the

numberA,to be equalto the magnitude of A,. We place a negative signin
frontofthe magnitude A, if A, points in the negative x-direction. We define

the numberin A, the same way. The two numbers A, and A, are called the

components of the vectorA.

We can calculate the components of the vector A if we know its magnitude
A and its direction. We will describe the direction of a vectorby its angle
relative to some reference direction. In the figure above, the reference
direction is the positive x-axis, and the angle between vector A and the
positive x-axis is 6. We imagine that the vector A originally lies along the
+x-axis and that we then rotate it to its correct direction. If this rotation is
fromthe +x-axis toward the +y-axis, then 6 is positive; If the rotation is from
the +x-axis toward the -y-axis, 8 is negative. Thus the +y-axis is at an angle
of 90°, the —x-axis is at 180° and the —y-axisis at 270°(or-90°). If B is

measuredthis way, we have

%=C053= Y _—sin 8

A =Acos?
A, =Asin6
Example

i) What are the x- and y- components of the vectorD in fig (a)
below? The magnitude of the vectoris D = 3.00m and the angle a
=45°,

i) Whatare the x- and y- components of the vectorE in fig (b)
below? The magnitude ofthe vectoris E= 4.50 m andthe angle 5
=37.0°,

i)

f=—a=-45

D =Dcos@=300xcos(—45)=+2.1m
D =Dsinf=3.00x%sin(—45)=-2.Im

ii)

£=90.0°-5=90.0°-37.0° =53.0°
E.=Ecosf=450xcos(53)=+2T1m
E =Esin =4.50xsin(53") = +3.59m

Vector Addition

We can describe a vectorcompletely by giving eitherits magnitude and

direction or its x- and y- components. We can find the magnitude and

direction if we know the components.

~
"

By applying the Pythagorean Theorem, we find that the magnitude ofa

vectorAis given by

A= 4+ 4
4,

tan & = &

<

We can use components to calculate the vector sum (resultant) of two or

more vectors. The figure below shows two vectors A and B and their vector

sum R, along with the x- and y- components ofall three vectors.

As seen fromthe diagram, the x-component R, of the vectorsum is simply
the sum (A, + B,) of the x-components of the vectors being added. The

same is true for the y-components.
R.=A +B,. R, =4 +B,
Fromthese components, we can compute the magnitude and direction of

the resultantvectorR.

This procedure forfinding the sum of two vectors is applicable to any

numberof vectors.

Also, the component method works forvectors having any directionin
space. We introduce a z-axis perpendicularto the xy-plane;then in general

a vector A has components 4. 4. 4 inthethree coordinate directions. The

magnitude A is given by




2.3

Unit Vectors

Vectors can be expressedin terms of unit vectors along the coordinate

axes.

A unit vectoris a vectorthat has a magnitude of 1, with no units. Its only

purpose is to point; thatis, to describe a directionin space. Unitvectors
provide a convenient notation forexpressions involving components of
vectors. ltis usualto include a caret or *hat” (*) in the symbolfora unit
vectorto signify thatits magnitude is equalto 1, suchas i (meaning that iis
a vectorof unit magnitude ). However, we use this “hat” notation sparingly
whenever clarity requires it.

In an xy-coordinate systemwe define a unit vector i that pointsin the
direction of the positive x-axis and a unit vector j that points in the direction
ofthe positive y-axis. Then we can express the relationship between the
componentvectors and components as follows:

A =Ai
A, =Aj

Similarly, we can write vector A in terms of its components as

A=Ai+A]
The above equations are vectorequations; eachterm,such as 4i, isa

vectorquantity.

When two vectors A and B are represented in terms of their components,

we can express the vector R using unit vectors as follows:

A=AT+4j

B=Ri+B;

R-A+B
= [;{h,f + ‘{J.}j]+ [:Bxf +B, J]
(4 +B ) +l4,+B)

=Ri+R,j
where

Rx = ‘4: + Bx

R, =4 +B,

This resultis the same as the result we obtained in the previous module.
Thus, the single vectorequation

R=A+B
is equivalentto the two componentequations

Rx:‘{;-l_gx
R,=A +B,

If the vectors do not all lie in the xy plane, then we need a third component.

Forrepresenting vectors lyingin the space, we introduce a third unit vector

k that points in the direction of the positive z-axis. We then have
A=di+Adj+4k
B=Bi+Bj+Bk
R=A+B
=(di+4j+Ak)+(Bi+Bj+BK)
=(4,+B)i+(4,+B i+(4+B,)k
=Ri+Rj+Rk

The advantage of expressing vectorsin terms of unit vectors is that we can
then manipulate them algebraically, as illustrated in the example

below.This method of vectoraddition is called algebraic addition.

Example

Given the two displacements
D=(6i+3j—-k)m and E=(4i—5j+8k)m,

find the magnitude of the displacement2D - E.

Solution
LetF=2D-E

F=2(6i+3j—k)—(4i—5j +8Kk]
=(12-4)i+(6+5)j+(-2-9k
=8i+11j-10k

F=./8 +11+(-10)* =17 m

We can obtain a unit vectorin a direction parallelto any given vector A by
dividing the vector A by its magnitude A. Such a unit vector is often denoted

with a hat above the original vector:

A="

b |

In terms of explicit notation using unitvectors along the coordinate axes,

we write
o leo ~
A= —{[fih,l +4j+4k)

where

From this form of expression, we see that A has a magnitude identically

equalto 1.

Thereis also a compactnotation fora vector. The vector A= 4i+.4j+ Ak

may be compactly written as
A= [‘{;‘{l‘{:]

where the x, y, and z components are placed in order between

parentheses. Forexample, the displacement vector D =6i +3j-k ofthe

previous example maybe written as
D =(63-1)
Howver, the unit-vectorform is most often used.
Example: Considerthe following three vectors
A=2i+2j-k

B=i-3j+3k
C=-i+2j+2k

Find a unit vectorin a direction parallel to the resultantvectorD=A+B+C.

Solution: Whenthe vectorsin a sum are expressed in terms of unit
vectors, we can manipulate them algebraically, by collecting terms

involving the same unit vectors:
D=A+B+C=2i+2j—k)+(i-3j+3k)+(—i+2j+2k)
=(2i+i—i)+(2j— 3 +2j)+ (K +3k+ 2k)
=2i+j+4k

The components of the resultantare given by

x bl

The magnitude D of the resultant is given by

=2 +17+47 =.21=46

The unit vectoralong a direction parallelto the vector D is given by

p-2_Lpisp DK

D DoF MY
1

= (i+j+4k
g dirit k)

Module 2.3

Unit vectors

(Home work)

[Work out the following with proper reasoning]

1) Canthere be a unit vectorin any direction otherthan x, y, z directions?

Give an example.

- A i+A_j+Ak
Answer:Yes, A= 2

JAI+Al+A]

2) If the sum of two unit vectorsis also a unit vector, what is the angle

between the two unit vectors?

Answer:-60°or 120° C=A+B X X B

/. o0

e
=
Y

3) If (0.51 + 0.8 +nk)is a unitvector, what is the value ofn?
Answer: n=++0.11

4) Threeforces A =(i+ j+k).B=(2i — j +3k)andC actona body and

keep it in equilibrium. Whatis the magnitude and direction of C ?
Answer:5, Cis oppositeto A +B)

5) Find the angles made by the vector2i +2 j + 2k with x, y and z axes.

L1 L1 L1
Answer: o.= cos IT:ﬁ=CGS L .y=cos ——
3 3 3



2.4
Dot Product

Vectoraddition was intimately related to the problem of combining

displacements. It will be used to calculate many othervectorquantities.

Products of vectors are useful forexpressing many physical relationships.
Vectors are not ordinary numbers, so ordinary multiplication is not directly
applicable to vectors. There are two kinds of products of vectors. One is dot
product, also called the scalarproduct, yields a result that is a scalar
quantity. The second is cross product, also called the vector product, yields

anothervector.

In this module, we learn aboutthe dot product, and in the nextmodule, we

study the cross product.

The scalarproductoftwo vectors A and B is denotedby A-B. Because

ofthis notation, the scalarproductis also called the dot product.

We draw two vectors A and B with theirtails atthe same point (fig a).

L iee—"

The angle betweentheirdirectionsis ¢; the angle ¢galways lies between 0°

and 180°. The projection of the vector B onto the direction of Ais the

componentof B parallelto A and is equalto Bcosg.

We define A-B to be the magnitude of A multiplied by the componentof B
parallelto A (fig b).

A-B=ARBcosg

Alternatively, we can define A-B, to be the magnitude of B multiplied by

the componentof A paralleltoB, as in fig (c). Hence

AB=EB(Acos@)= ABcosg

The scalarproductis a scalar quantity; it is positive when ¢ is between 0°
and 90° negative when ¢ is between 90°and 180°. When ¢ = 90° A.-B=0.

The scalarproductof two perpendicularvectors is zero.

Forany two vectors A and B,

A-B=B-A=AFRcos¢

Thus, the scalarproductobeys the commutative law of multiplication; the

order of the two vectors does not matter.

The dot productis simply a numberwhich is the product of the magnitudes
of the two vectors and the cosine of the angle betweenthem. The number

will be positive if ¢ <907, negativeif ¢ »90°, and zero if ¢=90".

The special case of the dot product of a vectorwith itself gives the square

of the magnitude of the vector:
A A= Adcos0" =47

We now look at the scalarproductofthe unit vectors. Since i, j, and kare

all perpendicularto each other, we find

i-i=j-j=k-k=1xlxcos0=1
i-j=j-k=k-i=1x1xcos90° =0

Nowwe express A andB in terms of their components, expandthe

product, and use these products of unitvectors:

AB=(4i+Aj+4k)-(Bi+B,j+BK)
=AB +AB +AB,

Thus the scalarproduct of two vectors is the sum of the products of their

respective components.

We note that the components of a vector are equalto the dot product of the

vectorand the corresponding unitvector. For instance, if

A=Ai+Adj+ Ak,

then
i-A=i-ldi+dj+ak) ,
=Aj-itAji-j+Ai-k=AxI+4x0+4x0=4
i-A=j-(Ai+Ai+ k)
=Aj-i+tAdjj+rAjk=Ax0+4 x1+A4x0=4"
and

k-A=k-[A4i+4dj+Ak]
=Ak i+Ak j+ Ak k=4 x0+4 x0+4x1=4



2.5

Cross Product

The vector productoftwo vectors A and B, also called the cross
product,is denoted by A<B. To define the vectorproduct A xBoftwo

vectors A and B, We draw the two vectors with their tails at the same point.

The two vectors thenlie in a plane. We define the vectorproductto be a
vectorquantity with a direction perpendicularto this plane and a magnitude

equalto 4Bsin ¢. Thatis, if C=AxB, then
C = ABsin ¢

We measure the angle ¢ from A toward B and take it to be the smallerof
the two possible angles, so ¢ ranges from 0°to 180°. Thus C in the above
equation is always positive, as a vector magnitude should be. When A and
B are parallelor antiparallel, ¢ = 0° or 180°and C = 0. That s, the vector

productoftwo parallel or antiparallel vectors is zero.

There are always two directions perpendicularto a given plane, one on
each side of the plane. We choose one ofthese as the directionof AxB as

follows.

Imagine rotating vector A aboutthe perpendicularline until it is aligned with
B, choosing the smallerof the two possible angles between A and B. Curl
the fingers of your right hand around the perpendicularline so that the
fingertips pointin the direction of rotation; yourthumb will then point in the
direction of AxB. Thisright-hand rule is shownin the figure (a). The
direction of the vectorproductis also the direction in which a right-hand

screw advancesif turned from A toward B, as shown.

Similarly, we determine the direction of Bx A by rotating B into Ain figure

(b) above. Theresultis a vectorthat is oppositeto the vector A=<B. The

vectorproductis not commutative. Forany two vectors A and B
AxB=-B=x A

There is a geometrical interpretation of the magnitude of the vector product.

In figure (a), Bsin ¢is the component of the vector B thatis perpendicularto

the direction of the vector A. The maanitude of A xBeaquals the maanitude
of A multiplied by the componentof B perpendicularto A. Figure (b) shows

thatthe magnitude of AxBalso equals the magnitude of B multiplied by the

componentof A perpendicularto B.
The vectorproduct of any vectorwith itself is zero, so
iXi:i}{i =k=xk=10

Each productis a zero vector— thatis, one with all components equalto

zero and an undefined direction. Using the right-hand rule, we find

ixj=—jxi=k
jxk=-kxj=i
kxi=—ixk=]

We express A and B in terms of their components and the corresponding

unitvectors, and we expand the expressionforthe vectorproduct:

AxB=(A7 +A,j+AK)x (B +B,j+B.k)
=(4B - 4B f+(4B —4B);+(4B - 4B )k

Thus the components of C = AxBare given by

C,=AB - AB,
C_]. = .:‘I:Bx - .:41,.3‘_
C,=AB,— 4B,

The vectorproductcan also be expressed in determinantformas
{7k
A=B= {: “IJ. ;‘I‘_
B, B, B,

Example: Vector A has magnitude 6 units andis in the direction ofthe +x-
axis. Vector B has magnitude 4 units and lies in the xy-plane, making an

angle of 30° with the +x-axis. Find the vectorproduct A<B.
Solution:
If cC=AxB,

C'= ABsin ¢ =6x4xsin 30" =12

Fromthe right-hand rule, the direction of A <Bis along the +z-axis, so we

have

We can also determine the vector productfromthe componentofthe

vectors.

A =6 A,=0 A =0
B, =4c0os30°=2+/3 B, =4sin30°=2 B, =0
C.=0x0-2x0=0

C,=0%2:/3-6x0=0
C.=6x2-0x2.3=12

Module 2.5

Vector product

(Home work)

[Work out the following with proper reasoning]

1) If 8 is the angle between the vectors A and B | find the magnitude of
(A+B)x(A-B).
Answer: -2ABsin 8

2)f A=A i+A_j+Ak andB=B_i +B_j+B_k,findthe conditionforA11B.

Ax — A} — Az
Answer: B. B. B. )

x ¥

3) If the cross producthas the same magnitude as the dot productfortwo

vectors, whatis the angle between the vectors?
Answer: 45°

4)Find i < j=xk="?
Answer: Zero

5)IfA =371 +4k ,B=3k—71 and C=21i +6k, find the angle between AxBand C.

Answer: 90°



