10.1. Fundamentals of Matrices
Learning objectives

5 Todefine the matrix order of a matrix, qualty of matrices, negative of 3
> Todefine the submatrx, transpose, trace o & gen matrx

» Tostudy the different typss of matricas

anp

> Tosolve the related problems

sciznces. The rules defining the operations on matrices are usuallycaled matrix
algebra I of
algebraic squations.

Matrix

0 x 1 matrix s an arrangament of rn slements (not necessarily distinet n
m rows snd n colomns n the

Wa confi 2
complex valust functions

thanitis

called a real matrix (complex matri)
Notie that svery slement in the maisix i specifisd by s position n tarms of the.
it For sxample ay, s the slomant
isthe alement n ¢ row and /*

rou and column in wihich the slement s o
intha third rowr and sacand column. In general

column of the matix

et () dented,n comaact form,as 4[] uheret 12

andj - 12...m

The matrices ars usually danoted by usper casa et 4,0, C,

Orderofa matrix
At A ssid b0 of orderm  n (read 15 m by ) f et A has m rows
and e colam,

« Amatric = fa ] isssid o b rectongular mateix = n, e, the

number of rows in 4 not squal to the number of columns n .
e, the number

+ Amatrici = [ay], said o bea squore motsisf
of rows n A s equal o the number of columns n A
Amatixof order x niscaled a squore mri of erder .

Examples

e
94 oy ¥ oot i

rostofurit]
=S98 30 st s mteiof order 2

Equality of matrices
Two matrces A and B are said to bo equal wrtten as A = B f

() Aand B are of the same orcer
(i) The corresponing elements are squal.

@

o 1
— [ J],M [z S]nm.\,w I
o 7l R

a=Lb-6c-2d

o= 3andf =4,
Null matrix or a zero matrix, Row matrix and column matrix

IFeach element ofa matrix s ero, then t s said to be a Null matix or zero
matri. The zero matrix of order m x 1 i denoted By Uy, o7 SIMply 3y 0.

0 0 o
Bxamples: Uy = [ 0 gl 0= 0ra =

lo ol

Amatix s sid t b0  row matri (row vector) f t ontains only one row

Examples: 1 0 —2]is s row matrx s a matrix forder ] x 3]

Negative of a Matrix

k. from a matrix A ety
of A)and s denoted by . Thus, 4~ [ng] | then 4~ [ ],
123 -1 2 -3
f— [2 B ql.hwa B
56 a1 6 41

Submatrix

Asubmatrix of a matsx A 1s an array formed by deleting one or more rows or

A
s[4 7 5]
ER
oeteing e oo A s e sbma 5, 71 e e

o an st oo s s 3|
Traceofa square matrix

.

i), 15 square matrix of rder , than the slements g,z i

The sum of the diagonal slaments of 3 quare matrix 4s called the trace of A and

is dencted by r(4), e, Tr(4) =3

Typesof matrices

Diagonal matrix

Asquare matrind  [ay;], s caled o dioganal motrixif ;0 fori =

(i 1 <a¢h non disgonal slement s 2010 and s denoted by diogley .z, . ]

o oo [290
T T P ] A
—
A squars st = [y ] e called a scolor motri i, = 0, fori  jand
it~ . 1 o e et 0l
e ——————
o

BT ] PO

o

Unitmatrix or Identity matrix

0

fe) ity = 0,

fori 4 jand s (i, ach non diagonal slement s zero

[ |
ol

Triangular mat
Asauars matix = [a]_ s i to b an upper iangulor matrivif

oy~ Ofaralliz )

qP -
4 0 4l

a=fa],,

Oforalli <

oo
—c :]‘[L J UJ‘W‘M
i

Note that Iy and 0, (idantiy and zaro matrx of rdr n) are both upoer and
lower riangular matrices.
Transpose of a matrix

is called the tronspose of . Tnat's, 4 = [a | then 47 = |a]  The

transaoss of 4 i danoted by A7 for 4,

— Jownsr

-2
2 1ay7

ovanwaniry [ 7 2

Note:

(3 1F A1 anm - matrix then A7 5 an X m matrx.

[} pose ofa
column matrix i 3 rou matrx

(i) For any matrix , (A7) = 4.

Symmetric and Skew-symmetric matrices

Asauare matiin A = [oy ] issadtobe

(1 Smmoticif 47 = 4, Lo, ay = 0y Vi |
() Skew symmetricif 47— A, e, ~ - Vi

Note:

() Thezero mateix D, s both symmtic and skew symmatric.
(i) Any diagonal matrix and the dentity matrx are symmetric:

Example
3s 35 =
R Ly B e L
2 R
0w b 0~ -
ThematixA=| 0 0 c|sasmmericmatiforaT=la 0 ¢ |=-a
boeoo b e o
Thefoloving ae simpleresults
then A s the zero matr of order .
Praofi e have 4 = [ag ], and
Als symmetric = ay = o V.
Alsskow symmetic = @ =~ V1]
Since A3 oth symmetric and skew symmetric, e have
oy i
0,205 = 0.Yij = ay = 0.¥L}
Thersfors, A a ero matrsoforder . Hence the result.
Lemma:
o
Proot o have d = i, and i skew symmetii, g = —a or a ..
Taking £ = J e get = —ay for L e, 2 = O for sl = a = 0, foral £

Thus, the disgonal lements of »skew eymmeatri matrx ae al zero

Hencethe resuit.



IP1:

5x —y 0 1 —4z + 15 0 1
If 2 7x —3z 3| = 2 19 — 4y 3 |, then find the
46 — 62 5 12 2x +y 5 12
values of ,y,z
Solution:
5x — 6y 0 4z + 15 0 1
Given that 2 7x — 3z ‘ l 19 -4y 3
46 — 6z 5 12 2x +y 5 12

(If two matrices are equal then their corresponding elements are also equal)

bx —6y =—4z+ 15 = 5x — 6y + 4z = 15 o (1)
7x —3z=19—-4y = 7x+4y—3z=19 . (2)
46 -6z =2x+y = 2x+y+6z =46 . (3)

2)X1=7x+4y—-3z=19
= x + 27z = 165

(3) X 4 = 8x + 4y + 24z = 184

(1)X1=5x—6y+4z=15
= 17x + 40z = 291
(3)x 6= 12x + 6y + 36z = 46

— 17(x + 27z) = 165 x 17 = 17x + 459z = 2805
—=z =06

= 17x + 40z = 291
nx+27z =165 = x + 162 =165 = x = 3
B)=23)+y+6(6)=46=y=14

Therefore, x =3, y=4,z=6



IP2.
Considerthe following the statements
l. Every diagonal matrix is a scalar matrix

1. An identity matrix is both diagonal and scalar matrix.

Only 1is true
Only Ilis true

Both | and |l are true

o nw >

Neither | norllis true

Answer: B



IP3.

[ 0 1
Find the additive inverse of the matrix A= 0 —i 2
—1 1 5

Solution:

The additive inverse of A is the negative of A denoted by —A and it is the matrix

obtained from the matrix A by changing the sign of each element of A.

0 [ —2
1 -1 -5

—-i 0 -1
Therefore, —4 =




IP4.

-1 2 -3
. fA=]|2 5 6 |isasymmetric matrix, then find x
-3 x 7
0 2 1
. fA=|—-2 0 2}|isaskewsymmetric matrix, then find x
-1 x 0
Solution:
-1 2 -3
. GivenA=|2 5 6
-3 x 7
-1 2 -31" -1 2 -3
Therefore, AT=|2 5 6| =|2 5 «x
-3 x 7 -3 6 7

Since A is symmetric, AT = A

-1 2 -3 -1 2 -3
Therefore,lZ 5 XNZIZ 5 6‘

-3 6 7 -3 x 7
= x=6
0 2 1
Il. GivenA=|-2 0 2
-1 x 0
0 2 11" [0 -2 -1
Therefore, AT=|-2 0 2| =2 0 X
-1 x 0 1 2 0
Since A is skew symmetric, AT = —A4
0 -2 -1
Now, -A=|2 0 -2
1 —=x 0

0 -2 -1 0 -2 -1
Therefore, |2 0 x|=12 0 -2|=x=-2
1 2 0 1 —x 0



P1.

Let p and g be prime numbers.

|. If a matrix has p elements then the possible sizes of the matrixare 1 X p
andp x 1

Il. If a matrix has pg elements then the possible sizes of the matrix are 1 X pg

,PXq,qXpandpg X 1.

Only | is true
Only Il is true

Both | and Il are true

oo wp

. Neither | and Il are true



P1.
Let p and q be prime numbers,

|. If a matrix has p elements then the possible sizes of the matrixare 1 X p
andp X 1

Il. If a matrix has pg elements then the possible sizes of the matrix are 1 X pg
,PXq,qXpandpg X 1.

Only | is true
Only Il is true

Both | and Il are true

o0 wp

. Neither | and Il are true

Answer: C



P2.

Match the following

a) Nullmatrix ) [0 0 0 -1]
0 0 O

b) Rowmatrix i) |0 0 O
0 0 0

c) Columnmatrix iii) R D}

d) Diagonalmatrix, which is not scalar iv) E 2}
2 -4 0

e) Scalarmatrix(=1) v)|0 3 O
0 0 1

f) Unitmatrix

<.
—
o R
w o
(I—

o w o
w O o



P2.

Match the following

a) Nullmatrix ) [0 0 0 -1
0 0 O
b) Rowmatrix i) |0 0 O
0 0 0
-1 0
c) Columnmatrix |'|'|'] }
1 0
d) Diagonalmatrix, which is not scalar iv) 0 1
2 -4 0
e) Scalarmatrix(=1) v)|0 3 O
0O 0 1
1 0
f) Unitmatrix vi)
2 3

o w o
w o o

Ans:a =i, b-1i, c-wvi, d-1il, e > vl [ =1y,



P3.

Find the trace of the matrix A =



P3.

-4 2 -

Find the trace of the matrix A = 0 -1 2
1

—3 2 1

Solution:

The elements of the principal diagonal of A are —4, —1, 1. The trace of A is the

sum of the elements of the principal diagonal.

Therefore, Tr(4) = —4—1+1=—4



P4,

Find the number of submatrices of order 2 X 2 of the matrix 4 =

=T R

2o o

o M I o




P4,

=

Find the number of submatrices of order 2 X 2 of the matrix 4 =

N N oe

=S
o o

Solution:

The 2 X 2 submatrices of the matrix A arise if we delete one row and one column.

We delete the following rows and columns to get the 2 X 2 submatrices of the

matrix A:

1% row, 1°' column ; 1*' row, 2™ column ; 1° row, 3" column;
2" row, 1°* column ; 2™ row, 2™ column; 2™ row, 3™ column;
3" row, 1% column ; 3" row, 2™ column; 3™ row, 3" column

Thus, we get 9 submatrices and they are:

qa e r] . [P 9
y zl '’ [x z] Tolx Yyl
b c] @ c1 . [a b]
y z] " lx zl 7 [x yl
[b c a c [{1 b
g rl ~p vl " lp q




10.1. Fundamentals of Matrices

1. Constructa 2 X 2 matrix whose elements a;; are given by:

- _ (+)? . _(i—p)?
(@) Gij = (ii) Ay =—
_ (i-2))® : _(2i+))?
(iii) a;; = 5 (iv) a;; = ;
_ |2i-3j] . _|-3i+]]
(v) a;; = . (iv) a;; = .
2. Constructa 3 X 4 matrix 4 = [au] whose elements a;; are given by:
) ay=i+j @) ay=i—j (i) ay=2i
; ; . 1 . .
(iv) ajj =] (iv) ﬁ;‘j:£|—3l+_}|

3. Write the size, rows ,columns and submatrices for the following matrices:

a) 1 0 2
3 4 5
8 0
b) |14 -2
3 6
) 7 14
115 14
2 3 4
d)|-3 4 8]
L 2 3 4
x—1 2 y-5 1-x 2 -y
4. If| =z 0 2 l 2 0 2 | then find the values of x, y, z
1 -1 1+a 1 -1 1
and a.
1 3 -5
5. Find the trace of the matrix [2 -1 5]
2 0 1
0 1 4
6. Is the matrix [1 0  7|symmetric or skew symmetric?
-4 =7 0
-5 2 3
7. Find x, if the matr'le x —2|is symmetric?
3 -2 6

8. Find x, if the following matrix is a skew symmetric.

0 4 -2 0 1 4
i) |-4 0 8 i)|-1 0 7
2 -8 x —x —7 0




10.2. Algebra of Matrices
Learning objectives
> o uinethe Adtion, ubcton,Sclar plcation, Mutpicton

et iy b .
> Tostudy the Powers f m

o
> Toshethe

-
Weconfineto matrics whoss lementsar complexnumbers.

‘Aditon oftwo matrices

ek s i e g hmorsof A nd nd i
denotad by A+

(60 2198 = [, th0m

PP -

eamplesta=[2 1 Hanan = [0 1 ien
D 1 3
o fRC S :

Properties of adeition of matrices

e = [ € = [ 5 ot cofermabi for s, .
hey v th e s . The o of s st the

1) Commutathe property 4.4 8 -

Doy 41840 (418)4C

) Eatenceof v ety

T s o et e i s

) Exstence of it inverse:
Foreachmatrix 4 thre i —A the egatve of A such that
A+ M= s
Hara A s calad odaltve verse o .

Waow sty the mulipication of a matrix by  scaar and s propertes
Scalar multipl of a matrix
Lot A ba 4 mtrc o orderm  n and  bea sclr i

e et e g st Avp s
o scalor Nand s denoted by

L R

Examples 141 37 then
a 7

ol

e,

1 (DA =4, for (-4 = (Dl
WA arim ok m

) @O

Propertiesof scalar multplication ofa matrix

Lot A and B be matices of th sama o

B
0 ath+8) = ahran

) G+ A = et + 04

) al8a) = (@)

Maltipication of matrices

Lot 4 and B b matrics. Matrics 4, B

1410 be conformable for

ir e ot mmber o 1 .
Productof two matrices
et = Gl B = [, e o e i e coformai o
<.
A== b

RS,

Notathat i th s of the producs of the slemants of £ row of A with the
comespondingdaments of th 1 column of .

Nota that 430 B sre ofarders 2 4 n 4 3 repectivy. To prciuct A
defined snc 4. e comformabl or mutplcaton i, the e f
columns of A squs o the number of ows of B)snd AB s of odec 2 3.

o]

afi

22020 20D 2005120

moltpicaton.

Exampl

detinedsince A,B ae conformabl for mulication snd the order o A3's 22

herderof B s 3 5. Now,

2 3
: 3 (73

2 shaly T,

o) o o -y
T A A A AR b

=i Con s Coen s Con)l=[ e
(i3 D s Casites

Canea0 i H,m(,s)l [m 10

bsarvethat A8 and B o

eined but AB = B4,

Nota 1:Ths mat mutipcation, i gener, e not commtate

Note 2 s knau tht fo o v sl number. b have a4 0.5
matilgsra, theproductof o o 2610 matricscan e 1610 mtrix That
4044 0.5 50 burAD =

foruhich

O AB=0bwpae0
@ AB-BA-

i)

o [
w ol o n
= 55

3 i knoun thet o resl

Seecualto C

Loz 12 : 3
Eample:teta =1 1 o= T 1
I A Py 7
Notsthat 4 £ 0,5+ .
4
o)

1 1
LT R R
s 7 s -

E

Notethat 4 % 0 304 4B =

CouthsC.

Romark:We cannot cancl & nthe matrixsquaton A8 = A sven £ 4.7
e el o ot e s e et o .

Propertiesof multplication of matrices
W stta the propartie of muipcaton of mtrics without oot
PR —
oot ot
conformablefor multpcation then
00) = (n)c

e e, e 4.8 3048, C e

T s
For sy ittt
o et o A1 h
bt 4+ 91 = e

I = 41

4

Note: ) .41 square st then 4 =

- A Thamatial i called e

malipicative deni

10 e compatieformultplcston and o, re s, ton
@) = @R = (@ A)8 = A((@B)

Powersof matrices

s s denoted by 4", e,

A=aada

Forher, by deinion 1° = I,

Famila rles f exponents of sl numbers hsdfor matics.

st
O AR WA (e -

Example: 4= [}, v computa 4°.

s e 4= (1 Now,

R PR E B |

I PR R

9

Example: 14 - [
[o—

A anprownaar - [

Solton: We prove s by inducton.

Wahaveth sttemant P(1) .47 =

pizm
Wzl

rokngn - 1[1 —aem

Ths, PO s whenn = 1

Suppose that P(n) s s forn

A A

P )
F | A
[ et g e o

1iak “ud

[y e
[REa e

This shows that P (1) s rvewhen

By mathematea inducton

S—

TR
Eampe 4= [0 1 1| thenshowthat 4~ 347 - 431 = 0
3 11

"
Solton:Ghan Mt A= [0
3

weaa-f
5

el 24§

Now, 4%~ 348 -4 =31

1 17 1y
5w 5
2 s
o
B s
EER I i
000
fpeg-e
.

Honce #1341 -A-31=0



P1.

1 2 -3 3 -1 2 4 1 2
fA=1|5 0 2|,B=|4 2 5|andC=|0 3 2]|thenverify
1 -1 1 2 0 3 1 2 3
A+(B-C)=(A+B)-C
Solution:
1 2 -3 3 -1 2 4 1 2
GivenA=|5 0 21,B=14 2 5|,C=|0 3 2
1 -1 1 2 0 3 1 2 3
Now,
3 -1 2 4 1 2 3—4 —-1-1 2-2 -1 -2 0
B—-C=|4 2 5(—-|0 3 2|=14-0 2-3 5-2|=14 -1 3
2 0 3 1 2 3 2—1 0-2 3-3 1 2 0
1 2 -3 -1 -2 0 1-1 2—-2 -3+0
A+(B-C)=1|5 0 21+14 -1 3|=1|5+4 0-1 2+ 3
1 -1 1 1 2 0 1+1 —-1+2 1+0
0 0 -3
=19 -1 5
2 1 1
1 2 -3 3 -1 2 1+2 2—-1 —-3+2
A+B=|5 0 21+|4 2 5|=|54+44 0+2 2+5
1 -1 1 2 0 3 1+2 —-1+0 1+3
4 1 -1
=19 2 7
3 -1 4
4 1 -1 4 1 2 0O 0 -3
(A+B)—-C=1|9 2 71—10 3 21=19 -1 5
3 -1 4 1 2 3 2 1 1

HenceA+(B—-C)=(A+B)—C




P2.

State and prove the properties of addition of matrices.
Solution:

Properties of addition of matrices

let A = [afj],B = [bl-j] andC = [CU] be matrices conformable for addition, i.e.,
they have the same order say m X n. The addition of matrices satisfies the
following properties.

i) Commutative property: A+B =B + A
ii) Associative property: A+ (B+C)=(A+B)+C
iii) Existence of additive identity:
There exists O,,y,, zero matrix of order m X n such that
A+0Opnyn = Oppyn tA=A
The zero matrix O, is the identity for addition or additive identity for addition
matrices.
iv) Existence of additive inverse:
For each matrix A, there is — A the negative of A such that
A+ (-4)=(-4)+A=0.

Here —A is called additive inverse of 4.

Proof:

() A+ B=[a;]+ [b] = [a;; + bi] = [bi + a;;]
(since the addition of complex numbers is commutative)
= [bij] + [a;j] =B + 4

Thus, Addition of matrices is commutative

(since the addition of complex numbers is associative)

Thus, Addition of matrices is associative

(iii) We have 4 = [au]mm. There exists an m X n matrix whose every elementis
zero. i.e., Opun = [OU] and
A+0Opn = [aU + O] (since O is the additive identity in C)
= [a;;]=4
Similarly, O,y + A = A. Thus, A + O.

mxn

=0,

mxn

+A=A
(iv)] We have A = [au]mm. For this A there exists —A4 = [_G'U]mxn’ its negative

and
A+ (—4) = [a; + (—ay)] = O

mxn

Similarly, (—4) + A = 0,,4p,- Thus, A+ (-A) = (-4A) + A= 0

mxn



P3.

1 3 5

Find [2 e

Solution: Given

PN

-3
0

1 3 5
2 4 6

—1
—3
0

S

3

:

1

2 4 6

[ -1-9+0
| —2-12+0 10+8+18

~10 26
—14 36

[ —110+156
| -154+216

3 5

L

0

|

2

|

|

21 3 0
4 1 0 2

5+6+15

11 1
6 8

—10+ 208

}le

L

5
2{
3

—14+ 288

}Exl

2130
4 1 0 2

|

21 3 0
4 1 0 2

|

}2x4

46

198

62 274

0 2

I

1
0
3

1

.
{

1

2

-1
1

46

62 274

42

198

24+0+9+0 2+2-3+0
44+0+0+2 4+2+0+2

|

}Exl



Pa.

cosf@ sin@
—sin@® cos0O

integers.

], then show that A" = cosnb Smne] for all positive

4 :[ ~ l—sinn® cosn®

Solution: We prove this by principle of mathematical induction.

cosnf sinnﬂ]

Let the statement P(n) be A" =
(n) —sinnf cosnf

: _ 1 _ [ cos@  sinf] _ . _
Takingn =1, 4 eind ::036'] A.Thus, P(n) istrueforn =1

: _ : k _ [ cosk®  sink®
Suppose that P(n) istrueforn =k, (k = 1).i.e., A [—Sinkﬁ r:osk&']'

Ak+1 — AAR —

_ cos® sinﬂ”cosk& sink@
—sinf cosf

—sink@® cosk®

_ cosBcoskl — sinfsink6 cosBsink8 + sinfBcoskf ]
—sinkBcosk® — cosOsinkf —sinfsink® + cosOcoskf

cos(k@ +6) sin(k6 +6)] [cos(k+1)8 sin(k+1)6
—sin(k@ +8) cos(k6 +8)]  |—sin(k +1)8 cos(k +1)8

Thus, P(n)istrueforn =k + 1

By the principle of mathematical induction

[ cosnf  sinnf

A =
—sinnf cosnf

is true for all positive integers.



IP1.

If A and B are matrices such that 24 — B = [3 —3 0] 2B+ A= [ 1
then find 4 and B.

Solution:

1 5

WehaveZA—B=[3 -3 0] 4 _a

X am23+A=A+2B=[4

Now, 44 — 2B = 2(24 — B) = 2[3 3 {ﬂ [6 0 0]

1 5
1 4 —4

4+6 1-6 5+0]_[10 -5 5
-1+6 4+6 —4+4 " 1l5 10 0
11ﬂ -5 5 ::F ~1 1]
10 0

1 5
1 4 —4

A+28—[

Adding, we get 54 =

1

WehaveA-l—ZB—[ { 4 _4

—2=[" ] A

[4-2 141 5-17 [2

—B=11 1 4-2 —4-0 "L— 2 —4]
iy 2 2 1 2

=B=312 > —4 1 1 —2]

a=l; 5 qﬂz-h 1—2



IP2.
State and prove the properties of the scalar multiplication of matrices.
Solution:

Properties of scalar multiplication of matrices

Let A and B be matrices of the same order and @, § are scalars. Then

(i) a(A+B)=aA +aB
(i) (a+ p)A =ald + A
(iii) a(pA) = (af)A

Proof: Let A = , B = [bff]mxn and «, [ be scalars.

(@35

(i) a(A+ B) = ﬂ:[au — bij] = [n:(aij — b,;j): = [c:m,;j — ﬂ:bU] (by distributivity)
= [(I(IU] + [ﬁb,;j] = aA + aB
(ii) (a + B)A = [(c.-: + ,8){1,;}-] = [cmij + ,8{15}-: (by distributivity)
= [c:m,;j] + [ﬁaij] = aA + fA
(i) a(fA) = a[ﬁau] = [{I(ﬁau)] = [(aﬁ)aw] (by associativity for multiplication)
= (Hﬁ)[ﬁu]fl = (ﬂfﬁ)ﬂ




IP3.

0 —tan=
If A =

tan= 0
2

(f—f—l) [C?S{I —Sina — I+ A
sSina cosa

and I, is a unit matrix, then show that

Solution:
Given A = a 2 andfzfl:[
tan — 0 0 1
2
s 1 tan < o
Now, (I _ A) [r:c:)saf sina| _ l 5 2 [cc:;sa: sina
sina@ cosa —tan < 1 sin@ cosa
2
"1 —tan2% 2tan 7
a7 —2 - 2
1 tan - || 1+tan22 1+tan?<
_ 2 2 2
— a a _ 2@
_tanz 1 Ztanz 1-tan >
| 1+tan22 1+tan?Z |
2 2
[ 1-tan®?  2tan? 2tanS tang(l—tanzg)'
1+tan?% ' 1+tan2& 1+tan2¥ 1+tan?Z
— 2 2 2 2
—tang(l—tanzg) 2tan® 2tan?% 1—tan?%
2 2 2 2 2
1+tan?Z 1+tan2Z 1+tan?Z ' 1+tan?2 |
2 2 2 2
1+tan?s tang(2—1+tan2%)'
— — i 3
1+tan? 1+tan?2 1 —tan-
_ 2 2 _ 2
- - o
tang(—1+tanzg+2) 1+tan?% tan — 1
2 2 2 2
1+tan?Z 1+tan?Z |
2 2
0 —tan =
= [1 o1+ o l=1+A4
0 1 tan 3 0




IP4.

i 0 n .
If A = [0 i]' then prove that A™ = I,,A, —1I,,—A according as n = 4k,
4k + 1,4k + 2 and 4k + 3 respectively.

Solution: We have 4 = [{; ?] and A% = [102 E_OE],AE = [103 :)3 .

n i

We will prove that A™ = [E{) {,]n for all positive integers n by induction.
I_ i

it 0

Let the statement P(n) be A™ = 0 m
! i

Clearly, P(n) istrueforn = 1

.k
Suppose that P(n) istrue forn =k, (k = 1).i.e., A® = [l{) {H
i

k+1 _ aak _T0 O01[i* o] _[i*** o
AT =44 _[0 iH{) ikl_[{) jk+1

Thus, P(n)istrueforn =k + 1

By the principle of mathematical induction P(n) is true for all positive integers n.

4l
_ kK _ |1 off_T[1 07_
Ifn = 4k, then A* _[0 o=l 1l=1:

[ -4k+1
fn = 4k +1,then A%+t = [ T 0= [0 V] =4
[ -4k+2 —
0 1 0
fn = 4k + 2, then A*+2 = |1 o gkez]=lg g =Tz
[ -4k+3 —9
fn = 4k + 3, then A*+3 = |1 0 i4E+3_ = _OE i_ =—A

Hence the result.




10.2. Algebra of Matrices

Exercises

1. FindA+BandA - B

1 4 3 6 20 1 -2
i) A={2 1 0 2| ,B=|1 1 -3 1
[1 -1 0 1 01 1 0
2 4 02 3
" 310 311
ii) A= , B=
110 011
12 2 4 1 32
[1 4 3 6 1 000
021 4 3100
iif) A= .B=
00 31 12 40
100 0 2 1113
2. Findthe following
1 4 2 2 3 -1
i) fA=]2 1 4|,B=|1 2 4 |thenfind134 - 158
3 2 2 1 0 3
-1 -2 3 1 -2 5 -2 1 2
i) fA=|1 2 4|,B=|[0 -2 2]andC=|1 1 2|thenfind
2 -1 3 1 2 -3 2 01
2A + 22B — 222C.
01 2 -1 2 3
ijifA={2 3 4|,B=|0 1 0| thenfindB —Aand4A4 —5B
4 5 6 0 0 -1

) IfA = (; i),B = (? g) and 2X + A = B, then find X

3. Find AB and BA

D oA=[l 4 2 3.B=[2 1 -1 2f

iyA=[1 3 -1 2 0.B=[-1 2 13 4 1]
[1 210 3 4
211 4 4 2
i) 4= .B=
1021 6 -2
1121 -1 4
[2 31
523
41 2
i) A= .B=[2 0 4
22 6
1 4 7
15 2
1 -2 3 10 2
4, IfA=|2 3 —1|andB=|0 2 1|, thenexamine whetherAand B
-3 1 2 120

commute w.r.t multiplication of matrices.
5 f8—¢= g,then show that

[ cos?@ cosSsinG] [ cos’qp  cospsing -0
cosOsing  sin?0 llcospsing  sin’e

1 2 2

2 1 2], then show that A2 — 44 — 51 = 0

2 2 1

1 -2 1

0 1 71],then find A3 — 342 — A - 31

3 -1 1

8. IfA= [Clt 2] and B = [é 2], then find the value of a for which A% = B.

6. IfA=

7. fA=

10
9. Ifd = (1 ), then find the value of 410

1
z
10.Under what conditions is the matrix equation A2 — B2 = (A — B)(A + B) is true?
0 ¢ -—b a? ab ac
11LIfA=|-¢c 0 a |andB = |gb b2 bc|thenshowthat AB = BA =0
b —-a 0 ac be 2

1 o w?

12.I1f w is a complex cube root of unity, show that
o w? 1

w w? 1 1 0
w2 1 w w =10
w? 1 w w w? 11/ lw? 0

13.1f A and B are square matrices of the same order, explain, why in general
i) (A+B)? # A% +24B + B?
ii)(A— B)? # A2 — 24B + B?
i) (A—B)(4 + B) = A> — B?

+




10.3. Some Special Matrices
Learning objectives

> Tomutrth st
[)

nsposesof matrices
10 Sy nd S syt s nd
i) Traces o matrces.

> Tointroduce the conceptsof Idampotent, Involutary, Nipetent and
Ortnogonal matrces.

o

» Tosole the rlated problem.

v, w inroduce
theconcepts of Idempotan,Invlutary, Nipotent and Orthogonal matrices.

Properties of transposes of matrices.
Lomma: 1 4 and B are matrices of suitable orders, then

o ey At
@) (A where
i (B = A et

proot
s oyl B = Dy Thend” = o] 57 = D),

N 08 = 0] Bl =[] ot = 0y

@0 = ({5 ) =l = ]
= [0 [b] = 47+ 57
(i) tet 4 = [ay],, abea scalar. Then

=0l ] = 6], Pl = 0y

[d],)

(i) ot 4 = [ay], , and B = [by],, Thatis A s comformable to B for
mulipication Then B is oforderm x . Notatht 7, A7 re o rders
X X mand 87 AT s of order p X m. Thus, ABY and BT A e th
matices ofthe same orderp . We il now show that (AB)
howing the correspondingentrie aresqual

Now, (1) entey of (AB)” = .0 anr of 4B

Now, (ad)”

CON.

AT by

z‘,

Ehe Zo e
() entryof BT = by
H /)m eyt DA

Thus, (4B)"

(Y™ entry of A7 = ay,

rar

number of matrices. For exampl,for thres matrices 4.8 and C

“rBror

(ABE)T = CTB A (roversallaw)

BT

Symmets

and Skew symmetric matrices
Lemma: A s a square matrixthen

IR R e—
() A A7l skewsymmetric
() AT and A A are symmetrc

B ey =47 U

CHA GWY=a)

A bttt
o - mfuuux
— A7 s symmtric matrx

@A BT = 57T

+ DU =AT-A

-4~

"

= 447 isa symmetric matex
Similarly, A7A is a symmetric matri.

Note: If A  symmetric matrx(skew symmetric], s a scaar then a i iso
symmetric (skew symmetric
Lemma:

matrixand askew symmetrc matrx.

Proof: Lt 4 bs any square matix.Nots that

L sa-nepec,

where B =2(A + A7) and € = £ (A A7)

Now, o
ey
of a symmetric matrix and askew symmatric matri.

anasT =
(R +S)7 = R +7 = R—S.Thus,

+5, where T

To prove the unia

ot 4

Now, A= R+5= AT

A=R+s

Adding the abovs and subtracting second from the irst, we get A + AT
and A AT = 25. Threfore, R = £ (4 + A7) fa-an

marixand sk ymmetric matrand
A=t ia-an
Example 14 snd s symmetric s, tn

()48 + BA s symmetrc
) 4B  BA i skew symmtic

proat: We

that A and B are symmetric Lo, 47 = A nd BT = B

) (4B 4 BAY = (AB)T + (BA)"

= 4B + BA s symmetric
(i) (AB ~ BAYT = (AB + (~1)BA)T = (4B)" + ((-1)B4)"

-5A
= 4B~ BA s skow symmatrc
s symmetric f and only i 4B

Thersfre,
= A,B7 = Band AB, BA e defined.

Suppose that 4B s symmetric. Then

AB = (ABYT = B™A" = BA
Thus, £ 4B s symmetric hen 4B = B
Convarsely,suppose that AB = BA. Then

(BT = (BAYT = (4B = 47"

Thus, 4B s symmric then 4B = BA.

4B AB s symmetric

Honce the resut
Properties of trace

Lot A and B be square matices o the same order and « be a sclar. Then

(1) + r(8)
er(ad) = ar(d)
r(4B) = tr(BA)

W D) = er(A)
Weprove the property 3
ot =l 8= Dyl

P T

Then 4B = 3 rif};a..b.'

Furtner, k84 = D = [d,]_ wh

545 b,

the roles o 1 3nd )

WUB) -3 3 b, -3 3 b (anchan

33 baay =B
Similarly, the other resultscan be provd.
Idempotent Matrix

A square matrix A is said to be an idempotent motrix 4 = 4

2 -2 -4
Example: Thematricd = 1 3 4 |is dempotent.
1 -2 -

Az -2 4
P =
sle 2 -l

-
DR
A

.
P R &
;

Thus, th gven matrix A s dempotant.

i idampotent matri, then show that

Example: 141 Al idempotent
A

andthat

Soluton: Gven that A s dempotent, Lo, 4% = Aand B = 1 - A

Now, B% = (1= )" = (1~ )1 - 4)

- A1-14+ A0

—A-a+R

“I-A-A%A (+ Alsidompotent)
=1-4

Thus, B = I - As dempotant.
Further 48,

BA=(U-MA=A-A=A-2=0
1 =0.

Thus, 48
Involutory matrix

A square matre A s said to be involutary matri  A° = I

:
S
:

Solution: A7 = A+ A =

-4

Example: Show that. matrix A invalutory i and only (1 = A)(1 + 4) = 0.

Solution; Suppose that A s Ivolutory Then A

Now(l =AU +4) = 1A+ A=A = 1A =1 =1 =0
Convarsal, suppose that (1~ )1+ 4) = 0.
1o

05 47 = 1 Asinvolutory.
Nilpotent matrix

Lot A be a square matr. 1 theleast poitiv ntager such that A = 0, then
s clled thenilpotent matrv of index .

1 -3 -4
Example: ThematrixA = (-1 3 4 |is nipotent matix of index 2.
1 -3 -4l

[t
4|
13 -l

st positveintogor such that 4

0 0 0
Solation: 4% = 4-4 “[o 0 of wom
o of

Hore 2isthe

Therafore, 4 nilpotant matrxof index 2.

Orthogonal matrix

Example: The matix A

orthogonal matix.

cos0 sind ~sino)

swions 44" = [0 Satlline “oee

—cosBsind +sind cos
st + cos?

[ sngane'msgsino

b -n

Thus, A n arthogonal matri.



P1.

3 2 3
Express the matrix A = |4 5 3| asthe sum of a symmetric matrix and a skew
2 4 5
symmetric matrix.
3 2 3
Solution: Given A=1|4 5 3].
2 4 5

Itis known that every square matrix can be uniquely expressed as the sum of a

symmetric matrix B and a skew symmetric matrix C, i.e., A = B + C, where

B =§(A+AT),U=§(A—AT).

3 4 2]
Now, AT =2 5 4
3 3 5
3 2 3 3 4 2] . 6 6 5
:—(A-I—AT)— 4 5 3|1+12 5 4 256 10 7
2 4 5l 3 3 b5l 5 7 10
3 2 3] 3 4 2] . 0 —2 1
:_(A AT) 4 5 3|1—12 5 4 =3 2 0 -1
2 4 5. 3 3 5 -1 1 0
. . 0o -2 1
5 7 10 -1 1 0




P2.

2 -2 —4
fA=|—-1 3 4 | then prove that 4 is an idempotent matrix?
1 -2 -3
2 -2 —4
Solution: Given A = —1 3 4
i 2 —4
Now, A? = ‘ l 4 ‘
i 2 —3
(4+2—-4 —-4-6+8 —-8-8+12 2 -2 —4
=|-2—-3+4 2+9-8 4+12—-12 -1 3 4 |1=A
1 2+2—-3 —-2—-6+6 —4-8+9 1 -2 -3

= A% =A

= Ais an I[dempotent Matrix.



P3.

0 28 v
If the matrix [& [ —V|is an orthogonal matrix, then find the values of
a —fp v
apf.y.
Solution:
0 268 vy 0 a «a
letA=|a f —y|[AT=|286 B B
a —p vy Y v v

Since A is orthogonal, . AAT =1

0 26 yv110 a «a 1 0 0]
:*ﬂ'ﬁ—VZﬁﬁ—ﬁ=Iﬂlﬁ
a —p yIily —v v 0 0 1l
(4p* +y? 287 —y® 2B +¥*] 1 o0 o
= | 2% —y? a?+p%+y? a’?—-p*—y? :[{) 1 0]
282492 a?2—B2—y% a?+ B2 +y2 0 0 1
Equating the corresponding elements, we have
4ﬁ2 +y? ==1} 1 1
=+—,y =t —
2p% —y?=0 =P VY V3
2+ plryi=1>a’+ +-=12a=+—
6 3 V2

1 1 1
Therefore,a=+—=, f=+—= , y=+—=
V2 Vb W3



P4,

1 1 3
If the matrix A =] 5 2 6 | is a Nilpotent matrix, then find its index.
-2 -1 -3
Solution:
1 1 3
GivenA =] 5 2 6
-2 -1 =3
1 1 3 1 1 3
Now, A2=AA=|5 2 6 [5 2 6
-2 -1 -31L-2 -1 -3
1+5—-6 1+2-3 3+6—9 0 0 0
=|5+10—-12 5+4-6 15+12-18|=| 3 3 9
—2—-54+46 —-2-2+3 —-6-6+9 -1 -1 -3

0 0 0 1 1 3
Again A3 =A%24=|3 3 9‘[5 2 6
-1 -1 -31-2 -1 -3
0+0+0 0+0+0 0+0+0 0 0 0
=13+15-18 3+6—9 94+18-27|=|(0 0 0|=0
—-1-5+46 —-1-24+3 -3-6+9 0 0 0O

~A3=0
Thus, 3 is the least positive integer such that 4% = 0.

Therefore, A is the nilpotent matrix of index 3.



IP1.

o
2
If A = 3 ,B=[6 -2 0 1]then find tr(54AB) and tr(BTAT).
__5_
o
2
Solution: Given 4 = ; ,B=[6 —2 0 1]
__5_
[ 1] 6 2 0 -1]
2 12 -4 0 2
Now, AB = 6 -2 0 1] =
3 18 -6 0 3
=i (30 10 0 -5

= tr(AB) =sum of the diagonal entries= -6 —4 +0 -5 = —15
= tr(AB) = —15
Now, tr(5AB) = 5tr(AB) (v tr(kA) = ktr(A))
=5(—15) = 75

= tr(54B) = —75
We have (AB)T = BTAT
~ tr(BTAT) = tr((AB)T) (v~ tr(4T) = trA)

— tr(AB) = —15

Therefore, tr(54B) = —75 ; tr(BTAT) = —15



IP2.

If A and B are square matrices of order n such that AB = A and BA = B then

show that A and B are Idempotent matrices.

Solution:

Given A and B are square matrices of order n such that AB = A, BA = B.
We have ABA = (AB)A = AA = A?

Again ABA = A(BA) =AB =A

Hence ABA = A2 =A=>A%2=A

~ A is an Idempotent matrix.

Similarly, BAB = B(AB) = B(A) =B

Again BAB = (BA)B = BB = B?

Hence BAB = B*=B = B? =B

~ B is an ldempotent matrix.



IP3.

If both A — ; ITand A + %I are orthogonal matrices then prove that A is skew

. . 3
symmetric matrix and A% = —;I.

Solution:

: 1 1 :
Given A _EI and A +EI are orthogonal matrices.

We have 4 is an orthogonal matrix = AAT =1

(A—gf)(A—gf)T=fand(A+§J)(A+§I)T=J

1 T 1.7 _ 1 T 17
:>(A 21)(;1 1 )—Iand(AJrEI)(A +21 )_1
(v~ (A+B)' =A4" + BT)
_ 1 T _17)\_ 1 T, 1) _

:>(A 21)(;1 21)_Jand(A+21)(A +21)_1
= AAT — AT - 1AT i = Tand AAT + AT+ 2IAT + i1 =1

2 2 4 2 2 4
:>AAT—§I(A+AT)+ifzfandAAT+§I(A+AT)+iI=I
Both conditions are true only when

A+ AT =0= AT = —A and

AAT + 21 =T= A(-A) =>1= -A? =31 = A2 = 3]
4 4 4 4
i.e., A is a skew symmetric matrix and A% = —31

Hence proved.



IP4.

-5 -8 0
Show that the matrix 4 = | 3 ) 0 |is an involutary matrix.
1 2 -1
Solution:
-5 -8 0
Given A = | 3 5 0
1 2 -1
-5 -8 07115 -8 0
Now, A2 =A.A=| 3 5 0 3 5 0
1 2 —1lL1 2 -1
25 —-24+0 40—-40+0 0+0+0
= |-15+15+0 —-24+25+0 0+0+0
—-5+6—-1 -8+10—-2 0+0+1
1 0 0
=0 1 0|=1
0 0 1
= A2 =A

= A is an involutary matrix.



10.3. Some Special Matrices

Exercises

1. If A and B are symmetric (skew symmetric) matrices of the same order, then
sois A +B.

2. If Ais symmetric or skew symmetric, then prove that A2 is symmetric.

3. Let A and B be skew symmetric matrices of the same order then prove that
AB is symmetric iff AB = BA.

2 -2 =5 -1 3 5
4. ShowthatdA =|—-1 4 5 ‘and B=|1 -3 —5\ are idempotent.
L1 -3 —4 -1 3 5
0 1 -1 -5 -8 0
5. ShowthatA =4 -3 4 |andB =| 3 5 0 | are involutory.
3 -3 4 1 2 -1
1 2 3 1 -2 -6
6. showthatA=|1 2 3[,B=[% P landc=|-3 2 9‘
-1 -2 -3 —a® —b 2 0 -3

are nilpotent matrices and determine their index.

1'—1 2 2 . 2 2 1
7. Showthatflz; 2 -1 2 andeE —2 1 2| areorthogonal

| 2 2 -1 1 -2 2
matrices.
4 0 6] 1 0 1
8. fA=|5 2 1,B=19 1 2‘ then find tr(AT + B), tr(BT A), tr (AT B),
7 8 3l 0 4 1

tr(AB).



10.4. Determinant of a Matrix
Learning objectives
> Todsfine theminorand cofctr ofansemant i  matrix
> Todae st e

tudy some popertes of e dterminantof a matix

> Tossveth eated problams.

axehyea
"
N

nique solutionor o soluion scording b, 8ot or e
Pl -y e e (31

e T i 0 o

] il e et o 2 it ey
o by

Wordetaarf® B

w dstarminane ofthe 1 1 mati A fined st
P

et 4. Thati,

ntofthe2x2

The minorof a, denctd by My, s defined s the detarm
ot dung e o st ot

The oo of i dentad b A a0 Ay = (-1

for

ample

o= amir ot = [ ] <o o

i = Thacotactorof = (~1)247M = (1) (01032 a3,0)

Example:

Fiod sl minors and ofactors of the

soution

T = GO =

o,

T O =

S

o GO =

S

Determinantof 33 matx
i 2] sttt

Lt monte of st row and
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-oula 2l -
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s5e
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Rl om0 LSyt
—
L= e e
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el
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il @it
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A
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HE
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P1.

1 3 -3
Find the determinantof A =|-3 -5 2
—4 4 -6

Solution: We use the cofactor expansion along the first row.

3
detfl = 2 {11}'141}'
j=1

_5 3 —5|
4 4 4

= (=5)(=6) — 2(4) = 3[(-3)(=6) — (=49)2] = 3[-3(4) — (1) (-5)]
=22 —3(26) — 3(—32) = 40

= 1(-1)**| _26| +3(-1)1*2 |;3} _26| +(=3)(-D3|”



P2.

Find the determinant of the matrix C =

2 4

3 4

5 4

2 6|

Solution: We use the cofactor expansion along the first column. (why?)

4
detfl — Z 1':].:1 CL].
i=1

1 -3 —4 0
= (-3 -5 4[+0+0-2(—-1D*|1
-3 2 -6 3
1 -3 -4
= —detAT + 2detBT,whereA=|3 -5 4| B=
-3 2 -6

= —detA + 2det B ( detXT = det X)

= —40 + 2(48) =56 (see P1 and IP1)

—2
—3
-5
0

1
3

—4

—2
—3
-5

4

4

4
—4
4

|



P3.

-1 2+i 3
Find the determinantof A = |1 — i i 1
3i 2 —1+1
Solution
3
detAd = Z ap Ay
j=1

1—1

3 —11+::| * 3E_1)1+3|1_'i il

= nEpH e+ ol
= (—D(-1+i) - 2] — @+ D[A —)(~1 +i) — 3i] + 3[2(1 — i) — 3i7]
=(-D[-i—-1-2]-@2+)[-1 —i%) —3i] +3[2— 2i + 3]
=i+3—(2+i)[-2-3i] +3[5—2i]

=i+3+44+2i+6i—3+15-10i =19 —i



P4.

If A is an orthogonal matrix (of order n) then prove that det 4 = +1.
Solution:

A is an orthogonal matrix of ordern = AAT = ATA =1,

Taking determinants on both sides

det(AAT) = det I,

= detAdetAT = 1=>detAdetA=1

= (detd)? =1 = detA = +1 (~ Ais a real matrix)



IP1.

0 1 3
Find the determinantof B=|—-2 -3 -5
4 —4 4

Solution: We use the cofactor expansion along the first row

3
d.EtA = Z bljBI_J‘
j=1

3 —2
4 4

—0—(—8+20)+3(8+12) = —12 + 60 = 48

o003 B wacnre| 2 Pescnea| E



IP2.

Prove that the determinant of an identity matrix of order nis 1.
Solution:

Note that I, is a triangular matrix with each diagonal element 1.

Therefore det I, is the product of diagonal elements. Thus,

detl,=1-1-1-..-1=1

n times




IP3.

[ 2 1
Find the determinantof 4 = | 3 1+ 2
—2i 1 4+ i

Solution
3
detfl:Za“flU
j=1
) 141 2 3 2 3 1+1
_ _ 13141 _1)1+2 —1)1t3
= OFD 1 4+::|+(-2]( 1 |—2:: 4+::|+(-1](- 2 |—2:: 1 |

=i[(1+i)(4+i)—2] -2[3(4+i)+4i] +1[3 +2i(1+0)]
= i[4+5i—1] —2[12 + 7i] + [1 + 2i]
=4i—5—i—24—14i + 1+ 2i

= —9i + 28



IP4.

If A is a nilpotent matrix, then prove that det A = 0.

Solution:

Let A be a nilpotent matrix of index m , then A™ = 0.

Then det(A™) = det 0 = (detA)™ =0 = detA =0



10.4. Determinant of a Matrix

Exercises

Evaluate the determinants of the following matrices

: —1 7
O
. 4 -5
(ii) 5 3 ]
2+i1i -1+ 3i
L RS 3—i]
: [ 6 4i
) 6 ZE]
1 2 3
(v) 4 5 6| alongsecond column
7 8 9
—1 3 2
(vi) 4 -8 1] along 3" column
| 2 2 5
[ 0 1+ 2
(vi) |—-2i 0 1-— i‘ along 2" row
L 3 4i 0
i 241 0
(vii) |—-1 3 2i |along2™ column
L0 -1 1-i
[0 2 1 3]
1 0 -2 2
(ix) along 4" column
3 -1 0 1
-1 1 2 0]
(1 0 -2 3]
31 1 2 d
(x) along 3™ column
0 4 -1 1
3 0 1]




10.5. Evalua

n of determinants using properties
Learning objectives:

> Tostudy some properties of the determinans.
0

> Tosolva the raated problems.

Elementary row (column) operations

opsrations. Th
dsterminans).

matixslgobra. o

Let 2 be anmx n matrix. Lot Ry, Ry ., Ry b5 the rows andl €y, ., Cy be the
columns of A
of Ais called an clementary row (colum) operation

) Interchange of ony two rows (columns) of A
Interchange of the rows A, and A, (column (; 3nd () is denoted by
ity (60 ).

[l

of raw R, calumn i
denoted by R, — R (€ = «C;)

corresponding elements of another row column).
B s R 1, (G; > C; + ;) denotes adding w multples of the slemants of

& () ot corresponding eements of ().

Property 8: o matrix # s formed from a matrix A by nterchanging any two
rows (columns) of A, then

dets = et
e[ o e
doi

a4,
iy

£
a1 (apptan  azptzn) = g (dy iy = 1) + ey gy = g 7).

Let B oe the matrixabtained fram A by nterchanging the 1° and 3 rour
(iR = R ThenD = a0z

Using the cofactor expansion slong the 3 row,

deth anC DM ] a0 (R |

= @225 — 02p055) — 03y (0510 — 031038 + (510 — 0032)

€ Dlf0mrss  a320) 030ty 0) | a1 0s3720))

detd
perty 9: Aare identic

thendet = 0.

Proofi Let 4 P and j*

B be the matrix obtained from 4 by intarchanging i* and o [eolumns). By
property (1) detB = —det A . Notica that B = 4 (since the i” and " rows are
idantica). Thersfors, det 2 = det 4. Thus,

deth — detA — detd > 2derd — 0> detd 0.

w¥b bie ebal n b e
Eamplesowen 110 ¢ 15 515 =afs ¢
b
G e cval 8BS G (b Swe Eva
A ISt N Ao o4, [
A A A R
o b cral [oc rral b cra b c cra
HEAS WAt WAt W
AT M I MY M .
b b
e N
N
-
ofp ¢ {
b e
ropety it fameis®
clmentsof s rowelann) 0 e et B = .t 4
=t 2 2] trendeta = St 3 tr mtiotaes

from 1 by multaying the slamants of 3 row by the scalr s, — i),
Then

P oyon |

Property 11: A s a square matrix o order n and a s  scalar then

ofactor of wagy) = Y wyloy
=

det(an)

ardotn
[ € ottt 30 b

dete) <[y, i ] < oty aiy aucs

Jazs

ladyy oz o

Example: f s skow symmetric matrix of odd order, then det A

Solution: Lat 4 be 3 skew symmatric matrix of odd order say 2k + 1. Then 4

> derd — det(AT) ~ (-1)""" detaT {by property 11)

(D) det A+ det(47) = det ]
0

= 24614 = 0= det

Property
matrix 4 arein the same ratio, then the determinant of A s zer0

m:[m, a,,Jmn
s o anwn | B -

2.0 =0 (since the 2 and 3 rows are identicall

Property 13: f  matrix B is obtained from a matrix A by adding o scolor

notherrow (column), then

detn = ot
h [ 5 vttt o

mlipls of the alamants of 2% rou to tha corresponding slements of tha 37 row
(i Ry > Ry 1 ko). Then

[ i i)

Now, detB = | o az
lagy + ey agg g g +
@ | (bypropeny€)
141+ 0 by proerty 12
=4l
Note:
a matris 4 e given in properties, 10 and 12
to smaliy
determinant
a=b b-c caf
Example: Showthat b —c o o
ah boc
Solation;
p= cSo 0l een menen,
e~a a-b b
b-c c-a a-b
ca o b boc

0 fince each slament n the 1¥ row i zera)
5

G boacoa
Example: showtrsta — b 3b kb‘—w(numm.».umm;

ol
ohion
[
IR R
P
i
p
L5 Carq
S swovrer ko
T

@ibie

1 h e
R
HEEAAEY

@+ b+ 02 +a)2e +a) — (@ =) a = b)]
{expanding long tae first column)

(@ + b+ O){(8be + 2ab + 2ea + %) — (be — ab — ac + a7)

(2t b1 ©)(3be + 3ab 1 3ea) -~ 3(a 1 b 1 )b ab 1 on)

3 b-a c-q
ala b 3 e b|=3(+b+e)abtbetea)
oc b e 30
1o
256
Example: fthe dterminant valuo of the matrix 4 869
1173
012

then find the value of 1.

Solution apolying By = R; = 3Ry, By = Ry — 4R,

(expanding slong 1 column]

sopling R = B = SRy, Ry Bs =Ry

fexosnding along 1 column)

-18(3x - 3) + 31 - 27)




P1.

Evaluate
2 R 1 22 3 4
r 7 3 2 2 2 2
02 34 a o St
F £ 5 S 456
£ 5 6 T
Solution:
28 N4 09
(i) 2° 3° #|=|4 9 16| applying R, >R, —4R.R, >R, -9R,
3 4 5% 9 16 25
1 4 9
=0 -7 -20
0 20 -56
=1[(-7)(-56)—(-20)(-20) |=392-400=-8
222 3 41 4 9 16
23 4 5 4 9 16 25 _
@ 32 £ 5 6 9 16 25 36 applying R, —> R, — R,
£ 5 6 7 |I6 25 36 49
1 4 9 16
49 16 25 oplving R >R
9 16 25 36 ’ s 5,
7 9 11 13
1 4 9 16
4 9 16 25
Sls 7 g qq| PPYTMER R R
7 9 11 13
1 4 9 16
4 9 16 25
Sls 7 g qq| PPYTPER R -R
7 9 11 13
1 4 16
35 9
=5 7 o 14 ®Pbirg ROR-R.RHR-R
7 9 11 13
1 4 9 16
pP 579
2 2 2 2
4 4 4 4
=0

(Since the elements of 4" row and the corresponding elements of 3™ row are in

the same ratio)



p2:

Ifa,, a, as,..,a,, ..arein Geometric Progression, then find the value of the

Ina, Ina,,, Ina,,,

determinant of the matrix 4 = |Ina,,.3 [na,,, Ina,.-
Il'I"',l""f'l*n,+ll.'it Il'I"'T""t;ll”.r.',+'Tr' Il'I?,l"'f'l*.ra+i'5

Solution:
Given a,, a,, ag, ..., ay, ... are in Geometric Progression (G.P)

Let r be the common ratio of the given G.P. Then

— n—1 — n — n+1
A, = ar’ S, Qupe; = arLape, =ar’t o, ., .

Ina, Iay,; nay,,
Now, |A| = |lnanss may,y Inap,s
Inan,e Inay,; Inays
Inar™1! Ilnar™ Inar™t!
= llnar™? Ilnar™3 Inar™*| applyingC3 — C53 — C,
Inar™>® lnar™® Inar™t’?
Inar™1! Ilnar™ Inr
= |[lnar™? Ilnar™? Inr applying C, — €, — C4
Inar™?> lnar™® Inr
Inar™l Inr Inr
= |llnar™? Inr Inr
Inar™?> Inr Inr

= 0 (Since the columns C,, C5 are identical)

— |A| =0



P3:

1 a a?
Showthat (1 b B%2|=(a—b)(b—c)(c—a)
1 ¢ c?
Solution:
1 a a?
1 b b? applying R, - (R, —Ry); R; —» (R3 — R;)
1 ¢ c?
1 a a?

0 b—a b%—a?
0 c—a c?—a?

:1.|’b_':I ij:zﬂ :[b—a)(r:—a)ﬁ i:a|

=b—-a)c—a)(c—a—b—a)=(b—a)(c—a)(c—b)

=(a—b)(b—c)(c — a)

1 a a?
~11 b b%2[=(a—-b)(b—c)(c—a)
1 ¢ c?
Note 1:
y z 1 1 1
x? y? Z%| = X
y = xXyz y z (why?)
LRI x? y? 22
1 x x2
=xyz|[1 y y? (why?)
1 z z°

=xyz(x = y)(y — 2)(z — x)

x x? 1+x3

Note 2: If x, y, z are pairwise distinct and |y y: 1+ y? = 0, then prove that
z y> 1+z7°

xyz = —1



P4:

x—2 2x-—-3 3x — 4
x—4 2x—-—9 3x-—-16
x—8 2x—27 3x—64

If = 0 then find the value of x.

Solution:
x—2 2x—3 3x — 4
0=|x—4 2x—9 3x—16| applyingR, — (R, —R,),R3 — (R; — R;)
x—8 2x—27 3x—64
x—2 2x—3 3x—4
=| =2 —6 —12
—6 —24 —60
x—2 2x—3 3x—4
=(=2)(-6)| 1 3 6 applying R, — (R, — R3)
1 4 10
x—2 2x—3 3x—4
=6 0o -1 -4
1 4 10
x—2 2x—3 3x—4
=1 0 —1 —4 (=0
1 4 10

= (x—2)(-10+16) + (D{2x-3) (4 +Bx -4} =0

(expanding along 1°* column)
—=6(x—2)—42x—3)+(Bx—4) =0

= x—4=0=x=4.



IP1.

' : (n+3)!
(n-1)! (n+1) PYPET
For a fixed positive integer n, if D= (ﬂ + 1)! (n + 3)! (H _(:12;(1);3) , then
' ! (n+7)!
(n+3)! (n+5) (n+ 4)(n+3)
find the value of (ﬂ—l).’(ﬂ?’rj.).r[:n+3)!
Solution:
(n=1)! (n+1)! S:i;
D=|(n+1)t (n+3)! (ninz;(sn)is)
(n+3)! (n+5)! (ni;(?is)
1 (n+1)n (n+3)(n+2)
Dz(ﬁ—l).’(ﬁ+1).’(ﬁ+3)!l (n+3)(n+2) (ﬂ+5)(n+4)
1 (n+5)(n+4) (n+7)(n+6)
5 1 ( (n;r(l)n ) En+3%§n+2%
=1 (n+3)(n+2 n+3)(n+4
(n=1)!(n+1)!(n+3)! 1 (n+5)(n+4) (n+7)(n+6)

applying R — R; — R, andR, — R, — R,

1 (n+1)n (n+3)(n+2)
=0 4n+6 dn+14 applying R — R; — 2R,
0 8n+20 8n+36

1 (n+1)n (n+3)(n+2)
=0 4n+6 4n+14 (expanding along 1% column)
0 8 8

= 1[32n + 48 — 32n — 112] = —64

D
T —D(n+ Dl (nt3)

= —64



IP2:

For all values of A,B, C and P, Q, R, show that

cos(A—P) cos(A—Q) cos(A—R)
cos(B—P) cos(B—Q) cos(B—R)[=0
cos(C—P) cos(C—Q) cos(C—R)
Solution:
cos(A—P) cos(A—Q) cos(A—R)
cos(B—P) cos(B—Q) cos(B—R)
cos(C—P) cos(C—Q) cos(C—R)
cosAcosP + sinAsinP cos (A —Q) cos(A—R)
= |cosBcosP + sinBsinP cos (B — Q) cos (B —R)
cosCsinP + sinCsinP  cos(C — Q) cos(C —R)
cosA cos(A —Q) cos(A—R) sinA cos(A—Q) cos(A—R)
= cosP |cosB cos(B — Q) cos(B — R)|+sinP |sinB cos(B—Q) cos(B—R)
cosC cos(C —Q) cos(C —R) sinC cos(C—Q) cos(C—R)

applyingC, — C; — Cyco0sQ ; C3 — C3 — C,;cosR on first determinant and

C, > C, —C;sinQ ; C; — C5— C,sinR on second determinant, we get

cosd sinAsinQ sinAsinR

_ _ _ : sinA cosAcosQ cosAcosR

= cosP |cosB SE_?IBSE_HQ Sl_nBSL_nR +sinP |sinB cosBcos(Q) cosBcosR
cosC  sinCsinQ sinBsinR sinC cosCcosQ cosCcosR

cosd sind sind sind cosA cosA

= cosPsinQsink |cosB sinB sinB +sinPcosQcosR |sinB cosB cosB
cosC sinC sinB sinC cosC cosC

=0+ 0=0 (Sincethe columns C;,(5 are same in both determinants)

Aliter:

For all values of A, B,C and P, @, R, show that

cos(A—P) cos(A—Q) cos(A—R)
cos(B—P) cos(B—Q) cos(B—R)|=0
cos (C—P) cos(C—Q) cos(C—R)
Solution:
[cos (A—P) cos(A—Q) cos(A—R)]
Note that A = [cos (B —P) cos(B—Q) cos(B—R)
[cos (C—P) cos(C—Q) cos(C—R)]
[cosA sinA 0 casP  cos(Q  cosR]
= |cosB sinB 0|+ |sinP sinQ sinR
LlcosC  sinC 0 1 1 1
= BC

Now, detA = detBC = detB. det(C
=0 (v detB=0)
Hence, detA =0



IP3:

1 a* da®

Showthat |1 b2 B3|=(a—b)(b—c)(c—a)(ab + bc + ca)
1 ¢ 3

Solution:

1 & a°

1 b2 b3 applying Ry - Ry —R3, R; = R; — Rj

1 2 3

0 a?2—¢c%2 a®—-¢*

0 b>—c%2 b3-¢3

1 c? c3
0 a+c a?+ac+c?
=(a—c)b—c)|0 b+c b%+bc+c? applying R; — R,
1 c? 3
0 a+c a?+ac+c?
=(a-c)b—c)|0 b—a b%—a®+bc—ac
1 c? c3

0 atc a®+ac+c?
0 1 b+a+c
1 2 c3

=(a—c)b—c)(b—a)

2 2
— (a— Vb — )b — |a+c a’?+ac+c
(@=c)(b =) ~a) 1 a+b+c

=(a-b)b-c)c—a)[(a+c)a+b+c)—(a®+ ac+ c?)]

= (a—b)(b —c)(c —a)(ab + bc + ca)

1 & o
~ 1 bZ b3 =(a—>b)b—c)c— a)(ab + bc + ca)
1 2 &3
Note:
a b c 1 1 1
fA=|a? b* c%|andB = |a? b%* c2|,thenshow that
bc ca ab at b 3

|[A] = |B] = (a — b)(b — ¢)(c — a)(ab + bc + ca)
Solution:
a b c

a? b? 2

bc ca ab

We have |4]| =

Multiplying C,, C5 and C5 by a, b and ¢ respectively, we get

a? b? P

a®? b? c?
abc 3

|Al=—-1a* b* c*|=——|a® b*
abc abc abc 1 1 1
a’? b? 2 1 1 1
=1a® b® 3| =]a?2 b? (2| =|B|
1 1 1 aa b3 C3
1 a?2 a3
Note that |B| = |BT| i.e., [B] = |1 b2 b3
1 2

~ Al = |B] = (a—b)(b —c)(c — a)(ab + bc + ca)

_Rl



IP4.

1+a 1 1 1

1 1+b 1 1 1 1 1 1

Show that =abed| 1+—+—+—+—
1 1 1+c¢ 1 a b ¢ d
1 1 1 1+d

Solution:

1 1 1 1+d

Multiplying the elements of €,,C,,C5 and C, byi%,% and i respectively and

multiplying the determinant by abcd to compensate it

1 1 1
—+1 — — —
a b ¢ d
1 1 1 1
= abed (11 . ]C . applying€C; —» C; +C, + C53 + C,
— — —+1 —
a b c d
rr 1 1,
a b ¢
1 1 1 1 1 1 1
l+4—4+—+—+— — - —
a c d b c d
1 1 1 1 1 1
1+—+—+—+— —+1 — —
—abed| @ b d b c d
11 1 1 1 1 1
1+—+—+—+- - —+1 —
a b ¢ d b c d
1 1 1 1 1 1
1+ —+—+—+— — — —+1
a b ¢ d b c d
LU S
b c d
1 1 1
IEIEIEL B ]
=abed | 1+—+—+—+—
a b ¢ d}l 1 l—!—l 1
b ¢ d
1 l - i+1
b e d

L1t
(1 1 1 1 boed (1 1 1 1
=abcd|1+—+—-+—+—1[0 1 0 O|=ghed|1+—+—+=+—
a b ¢ d a b ¢ d

o0 1 0

0o 0 0 1

(The det is the product of diagonal entries, as it is the det of an upper triangular
matrix).



10.5. Evaluation of Determinants using Properties

Exercises
1 a b+ec
1. Showthat [1 b c+a|=0.
1 ¢ a+b
1 bec a(b+c)
2. Showthat|l ca b(c+a)|=0
1 ab c(at+b)
x+y y+tz z+x
3. Without expanding prove that z x y [ =0.
1 1 1
a-b-c 2a 2a
4. Showthat | 2b b-c—a 2b =(a+b+t:)3
2¢ 2¢ c—a-b

sina cosa sin(a +4)
5. Without expanding evaluate the determinant [sinff cosf sin(f +§)
siny cosy sin(y +90)

2 -1 3 0
5 -2 1
6. Find the determinant of the matrix 4=
31 0 2
4 5 6 1
(b +¢)? ba ca
7. Showthat| ab (c+a)? ch = 2abc(a+b +c)®
ac be (a + b)?

a b—c c+b
a+c b c—a
a—b b+a c

8. Show that =(a+b+c)a?+b%+c?)

a—b—c 2a 2a
9. Show that 2b b—c—a 2b =(a+b+c)?
2c 2c c—a—b
1 w w?
10. If w is complex (non-real) cube root of 1, then show that| o w2 1|=0
w? 1

a b—y c—z
a—x b c—z
a—-x b-y ¢

11.If x, y, z are different from zero and = 0, then find the

a b c
value of the expression— + —+ -
x ¥y z

. 1 1 1
12, letw = _1“\3. Then the value of the determinant [1 —1 —w? w?|is
1 w? w*
A. 3w B. 3w(w — 1) C. 3w? D.3w(w —1) :Ans.B

13. For positive numbers x, ¥ and z, find the numerical value of the determinant

1 log,y log,z
log,, x 1 log, z

log,x log,y 1

xpt+y x y
yp+z y z

14.Find the value of the determinant .
0 xpt+y yp+tz

6i —-3i 1
15.0f (4  3i —1|=x+iy, then(x,y) =
20 3 i

A (3,1) B. (1,3) c.(0,3)  D.(0,0); Ans. D



5.8 Finding Inverse of a Matrix

Learning objectives:

W To define the adjointof a square matrix.

W To derive a formula for the inverse of a non-singular
matrix in terms of its adjoint.
AND

W To practice the related problems.

We develop a formula for the inverse of a nonsingular matrix.

Definition

Llet A = (aij) be ann X n matrix and C;; be the cofactor of

nxn

a;;. The matrix whose (i, j)th elementis (;; is called the matrix

of cofactors of A. The transpose of this matrix is called the
adjoint of A and is denoted adj(4).

matrix of cofactors

adjoint matrix

KSTRECT: Cin ESTREET: Cin
Ca1 €2 Can adi(4) = €21 €2 Can
_CH] CF‘IE Cﬁﬁ | _CH] CF‘IE Cﬁﬁ |

Example

Give the matrix of cofactors and the adjoint matrix of the

following matrix.

2 0 3
A=|-1 4 =2
1 3 5

Solution

The cofactors of A are as follows.

ap=|" _2|:14: C12 :—|_ _2|:3: C15 :|_1 ! |:—1
-3 5 1 35 1 -3
Similarly,
€=, Cnp=T7. Cp3 =0
C31=-12, C3y =1, (33 =28
The matrix of cofactors of A4 is
14 3 -1
-9 7 6
-12 1 8
The adjoint of A is the transpose of this matrix.
(14 -9 12
adj(A): 3 7 1
-1 6 8 |
Theorem:
If Aisasquare matrix of order n then
A.adj(A) = adj(A). A = |A|L,
Proof:
Let A = (aii)nm' We have
ESTRNSE: Cin |
adj(A) = transpose of C:EI C?E C?ﬁ
_CH] CHE Cﬁﬁ_
C1p Oy Ch |
adi(4y=| 12 €22 Cn2
C]H C}Eﬁ Cﬁﬁ_

Now, consider A.adj(4). The (i, )" element of this product is:
(i, /) element = (i™™row of A) X (jthcﬂiumn of adj(A))

le
Cin
=lan a2 an]|
| Cn ]
=ajC+a;Cin +---+ainCiy
:{HL if i =]
0, ifi#j

The product of A. adj(A) is thus a diagonal matrix with the
diagonal elements all being | A|.
~ A.adj(A) = |A|L,
Similarly, adj(A).A = |A|L,
Thus, A.adj(A) = adj(A).A = |A|L,

Theorem:

The inverse of a square matrix A exists ifand only if A is
non-singular.

(A square matrix 4 is invertible if and only if | 4| = 0)

Proof:
Let A be a square matrix of order n.Suppose the inverse of A
exists, say B
Therefore, AB = BA =1,

= |AB| = |L,| = |A||B| =1

= |A| # 0 = A is non-singular.
Conversely, suppose that A is non-singular.Then |4| # 0. We
have

A.adj(A) = adj(A).A = |A|L,
— A (ﬁadj(f—l)) = (ﬁadj(A))A — I, (Since |4| = 0)

1
— —_—
Al

adj(A)) is the inverse of A. Thus, the inverse of A

exists.
Hence the theorem.
Note:
1. If Ais non-singularthen A7 = ﬁﬂdj(ﬂ)

d
—C

—b
a

1
ad—bc

a
C

ZWA:(

Ce )

S) is non-singularthen 471 =
Proof:

. a by. .
Givend = () singul

iven = is non-singular

= |A| = ad — bc # 0
Therefore, A~ 1 exists.
Now, (13 = (_1)1+1M11 =d, (5 = (_1)1+2M12 — —C

Cy1 = (_1)2+1M21 = —b, (3 = (_1)2+2M22 — a

ey (G Cu)’_ d —c\' _(d —b
. adj(ﬂ)_(CEj_ CEE _(—b {I) _(—C {I)
T 1 d —b
i A adj(A) = ad—bc (—g a )
a b\'_ 1 [(d —b\.
Thus, (r: d) —ad_bc(_c {I),Ifﬂld—bc;&ﬂ
Example
Find out which of the following matrices are invertible.
(2 4 3] (1 2 -1
1 -1 4 2
A= , B= ,C=4 12 -7|,D=|-11 2
3 2 2 1
-1 0 1| | 2 38 |
Solution
Al=5#0 = Aisnon-singular. Therefore, A is invertible

B|=0 = B is singular. Therefore, inverse does not exist.

‘C“ = (0= ( issingular. Therefore, inverse does not exist.

‘D‘ =2 # 0= D is non-singular. Therefore, D is invertible.

Example:
Computethe inverse of the matrix

(2 0 3]
A=|-1 4 =2
1 3 5

Solution
‘A| =25 #0. Thus the inverse of A exists.

(14

ad; (A

3
—1

)=

9 12|
7 1
6 8

Therefore,
-1 1 .. 1 .
A =—adj(4d)=— adi( 4
49 12]
25 25 25
3 71
25 25 25
1 6 8
| 25 25 25 |
Example:

Compute the inverse of the matrix 4 = B

Solution:

4=

—1
2

|

_21‘:2+3:5¢0

= A is non-singular. Therefore, A has inverse and

:hA_l::

ad—bc

1

d

—C

(

—b

a

1

):

5

2 1
-3 1

(5 1)



IP1.

1 2 5
fA=|2 3 1]thenfindﬂdjﬂ'
-1 1 1
Solution:
Stepl:
1 2 5
GivenA=|2 3 1]
-1 1 1
1 2 -1
Thenwehave A" =12 3 1
5 1 1
We have,

adjA" = Transpose of the cofactor matrix C of A’

Now, we find the cofactor matrix C of A’
PP US B 5 B I e
Cn= D] | =B-11=2

P |

Cip = (D' =ik —[2 —5] =3
Gy = 1Y é i — [2 — 15] = —13
Cor = (—*7 Y =—l2+1]=-3
Coo = (1| =T +51=6
Cr3 = (—1)*7° é ﬂ = —[1-10] =9
G = D2 T =12+31=5

et -1 _
C = (—D**2|, |=-[1+21=-3
|l 2|3
Css = (¥, S[=13-41=—1

2 3 —13
C—[3 6 9}

b —3F —1

Z —~a 5]



IP2.

1 3 3
Find theinverseof A=|1 4 3
1 3 4
Solution:
Stepl.:
1 3 3
Al =11 4 3
1 3 4

= (16-9)—34—-3)+3(3—-4)=1=0.
Therefore, A is invertible.
Step2:

Let C;; be the cofactorof a;; in A = [aii]axa’ then

oy ]t 3]
G = (DT G| =7

i

3
Cip = (—1)*2 1 4l — —d
1 4
Ci3 = (=D 1 31~ —1
o2+ |3 3] _
CEl _( 1) 3 4 T 3
o o1n2+2|1 3] _
CEE _( 1) 1 4 T 1
_ 1h2+3 |1 3] _
CES _( 1) 1 3 T U
3 3
C3; = (—1)°"! 4 3| —3
_r 1v3+2|1 3| _
¢ 13431 3] _
7 —1 -1
C = Cofactor matrixof A=|—-3 1 0 ]
—3 0 1
Step3:
7 -1 -—-171 7 —3 —3
adjfil:(." [3 1 D] ll 1 0
—3 0 1 —1 0 1
Stepd:

We have A1 = = adjA
Al

7 —3 -3
Al[l 1 D]
1

0 1



IP3.

Find the matrix A satisfying the matrix equation
2 1 -3 27 11 0

5 2als Sl=lo

Solution:

Stepl.:
wnl? [ 2]-[3 8
LetB:E é]andﬁ':[_; _23]
|B|:‘§ 5‘24—3:1;&0 and

c| = _23‘:9—10:—1;&0

— B and C are non-singular matrices.
~ B landC™1 exists.
Step2:
Now, BAC =1
— B~ Y (BAC)C =B tIc™!
= (B7'B)A(cc ™) =B 1c™?
= |A|=B7'C"'=A4=B"1C""!

(L D15

=24 D) =-12 3=

~A=B71ct= [_23 _21] [5 3] - H é



IP4.

Let A be a square matrix order n.
i. If|A] = 0then A.adjA = adjA.A =0
ii. If|A] #= 0then |adj(4)| = |A|™"?
iii. If|A] # Othen |adj(adja)| = |4|®™ V"

Solution:

If A isasquare matrix of order n then
A.adjA = adjA.A = |A|L, .......... (1)

I. Let|A| = 0thenfrom (1)
A.adjA = adjA.A =0
ii. Let|A| # 0then
(1) = |A.adjA| = ||AlL,|
= |AlladjA| = |A]"
= |adjA| = |A|"Y (- |Al # 0)

iii. Let |A| # 0. We have
(adjﬂ)(adj(adjﬂ)) = (adj(adjﬂ)). (adjA) = |adjA|lL,

Taking determinants on both sides, we get
|(ade)(adj(ade))| = ||{1de|.1‘“|
— |adjAlladj(adjA)| = |adjAl"
= |A]"*|adj(adjA)| = (JAI" D)™ (= |adjA| = |A]"H)
= |adj(adjA)| = |A"" V4V = 4|

« ladj(adjA)| = |A| D%, if |A] # 0
] ]



P1.

1 -2 3
0 2 1} then find adjA =
—4 5 2

If A =




Solution:

1 -2 3
GivenA=10 2 1]
—4 5 2

We have, adj(A) = Transpose of the cofactor matrix of A

Now, we find the cofactor matrix C of A

Cu= (D2 S =+51=9

a2 0 1 o
Co = (Y20, | =-lo-41=4
o443 0 2] _
Cis = (D3|, ¢|=[0+8]=8
C,, = (—1)%*1 —2 3| = —[—4 —15] = 19
5 2
C = (—12*2| 1 3| =2 +12] =14
—4 2
o213l 2 e a1
G = 1?2, | =-I5-81=3
a3+l |72 3| a1
C31 = (—1) 5 _1—[2 6] = —4
szl 3 o
C3, = (—1) 0o 11~ [-1-0]=1
1 -2
633:(—1)3+30 5 =[2-0]=2
9 4 8
6[19 14 3]

4 1 2

9 19 —4
sadj(A)=C" =4 14 1
8 3 2



P2.

The inverse of the matrix 4 =

1
—2
3

0
—1
4




Solution:

1 b
-2 -1 2
3 4 1

A|=1(-1-8)—2(-8+3)=1%0

Given matrixis A =

— A is a non-singular matrix. Therefore, 4 is invertible.

Let C;; be the cofactorof a;; in A = (H’if)axa then

2
Ciy = (D' 4 1 =[-1-8]=-9
— (— 1+2 —2 2 - —|—/ — —
_ o3 |2 1 _
Ca = (2| " = [-8+3]1-5
_ 2+ |0 =2 o
Cor = (12|, " °|=—lo+8]=-8
_ 22| 2] _
Cr = (12|, F|=T1+6]1=7
_oe+3|l O s 1=
(3 = (1) 3 4‘— [4—0] = —4
0 -2
C3; = (—=1)°™ 1 2 =[0-2]=-2
1 -2
C3p = (—1)°*? 2 2 =—[2-4] =2
o33l O 12
-9 8 -5
. C =cofactor matrixof A= |-8 7 —4
—2 2 -1
-9 -8 -2
. adeCIlB 7 2}
-5 —4 -1
. The inverse of Ais A™1 = iﬂdj(ﬂ)

Al

—9 -8 -2
~A =18 7 2

-5 —4 -1




P3.

1 —4

Find the matrix B such that [3 _2] B = [1;) _26]



Solution:

avenl!, =[]

Let A-[l _4 ndc:[16 _6]

aely -

—2+12=10=+#0

— A is non-singular. Therefore, A™! exists.

Now, AB =C= A" Y(4B) = A™IC
= (A"1AB =4A"1C
— IB=A"1C=>B=A"1C

Now, A™1 = ! (d _b) —

ad—bc c

and B=4"tc=2["2 T[> 7

_1732+28 12+8]_|[°
48 +7 18+ 2

-2 4
-3 1

y

2
2

|



Pa.

4 0 O
0 4 0
0O 0 4

If A is a square matrix such that A.adj(4) =

then det(adj(4)) =
If A is a non-singular n X n matrix and ﬂdj(ﬂdj(ﬂ)) — kA
then k =



Solution:

1 0 0
. WehaveAd.adj(4A) =40 1 0|=4l;
0 0 1

— Aisa 3 X 3 matrixand |A| = 4
~ Aisa non-singular matrix of order 3.

~ det(adj(A)) = |A|"t =4*"1 =16

li. Given A is anon-singular matrix of order n and
adj(adj(f—l)) = kA.
We have |adj(adjA)| = |A| (- D?
Now, adj(adjA) = kA = |adj(adjA)| = |kA]
= |47 = k4]
= k" = 4]V = 42
— k = |A|(*72)



1. Verify that (adjA)A = |A|l = A(adjA) for the following
matrices:

1 2 2 1 2 5 2 -1 3
(i) lz 1 2] (ii)lz 3 1] (iii) l4 2 5}
2 2 1 1 1 1 0 4 -1
2 0 -1 1 2 3
(iv) lS 1 0} (v) [D 5 0}
1 1 3 2 4 3



-1 -2 =2
2 1 2], show thatadj A = 34’
2 —2 1

2.1fA =




. Findthe inverse of each of the following matrices:
(D) [ cosf@ sinfd (ii) 1 O

—sinf cos6 0 1
e b .72 5
(iii) [E %] (iv) __3 1]
1 2 3 1 2 5
(v) [2 3 1} (vi) [1 —1 -1
3 1 2 2 3 -1
2 -1 1 2 0 —1]
(vii) [1 2 1] (viii) lS 1 0
1 -1 2 0 1 3]
0 1 -1 0 0 -1
(ix) |4 -3 4 ] (x) l 3 4 5 ]
3 -3 4 -2 —4 -7
1 0 0
(xi) |0 cosa sina ]
0 sina —cosa




4. Find the matrix A satisfying the matrix equation

o2 Ha=[} F
o.[; 2la[, 1)=[5 &)
N A[ 1 _2]_[14 7

a. [5 3la=[p 3



10.9. Rank of a Matrix
Learning objectives:

> Todefine the rank of the matrix by elementary transformation
And
> Tosolve the related problems
-rowed minor of a matrix

Let A be a given matrix. If B is a square submatrix of order r of 4, then det B is
called an r-rowed minor of A.

is 3 rowed minor of A and

0
4
2

wo

5
1

011
Example: f A= 4 0 2 5|, then
2131

0 2]
1 3l

1| are 2~ rowed minors of 4.

Rank of a matrix
Let A be a non-zero matrix. A positive integer 7°is said to be the rank of A if

i) there exists a non zero r-rowed minor of A
ii) every (r + 1)-rowed minor of A (if exists) is zero

That i, the rank of A s the order of the largest non-vanishing minor.
The rank of a zero matrix s defined to be zero.

The rank of A is denoted by p(4) or rank A

2 1 -1
Example: Find the rank of the matrix 4 [o 3 72].
2 4 -3

Solution: The matrix 4 is a square matrix of order 3. The only minor of 4 of largest
order is | 4] of order 3. Note that

21 -1
141=[0 3 —2[applying R — R — R
2 4 3
211
0 3 —2|=23 “2|=0
o 3 -2

Therefore, p(4) = 3and so p(4) < 3

Now we consider 2 rowed minors of A. Note that [2 1] = 6 0. By defniion
o) =2

12 3 4
Example: Find the rank of the matrix A= | 2 —4 6 8
306 9 12

Solution: The given matrix s of order 3 X 4. Therefore it has four submatrices of
order 3. They are

1 2 -3 —4 -3 -4
A 4 6|4 8 6 8 l
3 6 -9 —12, -9 -12
2 -3 —4
6 8
6 -9 -12

Note that |4, | Oand |4, ] = |4,] = 14|

Thus, p(4) = 3 and s0 p(4) < 3.
We now compute the 2 — rowed minors of A
Note thata square submatrix of order 2 from A is obtained by deleting one row
and 2 columns. Thus, we get °G; x °C, =12 submatrices of order 2. We note that
each submatrix of order 2 i singular, ., each 2 - rowed minor of A s zero.
Therefore, p(4) # 2. Thus p(4) = 1 (since 4 is not a zero matrix).
Note 1: Suppose that 4 is a non zero matrix of order 3. Then

i) If Ais non singular then p(4) = 3

ii) If Ais singular and if there s at least one of its submatrix of order 2 of A s
non singular then p(4) = 2
If As singular and every submatrix of order 2 of A is singular then
o) =
Note 2: Suppose 4 is a matrix of order 3 X 4 or 4 X 3. The rank of As the
maximum of ranks of all submatrices of order 3 of A. (i, p(4) < 3)

Note 3: Suppose A is a matrix of order m X 1.0r n X m then p(4) < min(m,n).

Note

Ais anonsingular square matrix of order n then p(4) = n

Echelon form: A matrix A s said to be in echelon form it

(i) Every row of A which has allits elements 0 occurs below every row which has
anon zero element

(i) The number of zeros before the first non-zero element in a row s less than
the number of such zerosin the next row.

Example: If 4 = then A isin echelon form.

Note: The rank of a matrix 4 is equal to the number of non zero rows in echelon
form of A.

Equivalence of matrices
Amatrix A s said to be equivalent to another matrix 3, written as A~Bif B can be
obtained from A by applying finite number of elementary transformations on 4.

Note: The relation ~ (is equivalent to) is an equivalence relation on the set of all
m X n matrices with entries from the set of real numbers.

Elementary ble us to matrixinto echelon
form. Inan echelon form, finding the highest order non singular sub matrixis
easy. The following theorem enables us to find the rank of a matrix using
elementary transformations.

Theorem 1: i
43

Example: Find the rank of A = | 3 4
771 5

transformations.

43
a=[3 4 applying Ry = Ry —
771 s
111
~34 o applying R; = Ry — 3Ry ,R; = Rs + 7Ry
-7 15
11
~[0 7 —4 6| applying Ry~ Ry +2R;
0 14 5 12
11
~[0 7 -4 6| echelonformof 4
0 0 0

P(A) =The number of non zero rows in the echelon form of 4 = 2.

32 0 -1 7]
_s|
Example: Find the rank of the matrix A = 02 2t 5lusmg
12 -3 2 1
01 2 1 6

elementary transformations

Solution:

applying Ry < Ry

applying Rs — Rs — 3Ry

applying Ry < Ry

12 2 1
otz lying Ry = Ry — 4Ry, Ry > Ry — 2R:
~ applying Ry - Ry — 4R, , Ry - Ry —
04 9 s 10 pplying Ry = Ry ~ 4Ry Ry = Ry — 2Ry
02 2 1 s
123 21
01 2 1
~ lying Ry — Ry + 2Ry, Ry — Ry — 2R:
0 0 1 1 14| ?PWINERs = Ryt 2Rs Ry~ Ry —2R;
00 0 27
1 321
O L2t heon formof A
00 1 1w
00 0 0 35
% p(4) = The number of non zero rows in the echelon form of 4 = 4.



P1:

Solve the following simultaneous linear equations by using Cramer’s rule.

4x + 3y = 16
8x -3y =4

Solution: The given linear equations can be written as AX = B, where
4 3 _[* 16

Here |A| = |g _33| = —12 — 24 = —36 # 0. Thus, 4 is non-singular.

Hence we can solve the given linear equations by using Cramer’s rule

_ |16 3 |- _36 . 14 16 _
a1 =11 3| =-36 ;5 14,0 =|; 19|=-144
Hence by cramer’s rule x = a1 _ =36 _ 1; y= Az _ 144 4

4l —36 4l -36

~ The solution of the given system of equationsis x =1,y = 4.



P2:

Solve the following simultaneous linear equations by using Cramer’s rule.

2x —y+3z=9

x+ty+z=26
x—y+z=2

Solution: The given linear equations can be written as AX = B, where

2 —1 3
A=1 1 1
1 -1 1

2 —1

Here |A] =1 1

1 -1

1

= (=12

1

1

=(—1)1]0

0

X =

X

Y
-Z

Thus, A is non-singular.

9
6
2

B =

applying R, < R,

EI[:}p|‘y"Ir'Ig Rz — R2 - ZRl, RB — RB - Rl*"

=(-1D)R2)=-2=+0

e S S SV Y

Hence we can solve the given linear equations by using Cramer’srule

9 -1 3
4, l=16 1 1
2 -1 1
2 -1 9
4;]=|1 1 6
1 -1 2

—2

Hence by cramer’s rule

_ Al _ 2

lA] -2

—1 -

!

2 9 3
Al =1 6 1|=—4
1 2 1
LA -2 |A| -2

. The solution of the given system of equationsis x =1, y =2, z = 3.



P3.

Solve the system of linear equations by matrix inversion method
2x + 5y =11
4x — 3y =9

Solution: The given system of linear equations is

2x + 5y = 11} (1)

4x — 3y =9
(1) can be written in the matrix form as

AX =B - (2)

where A = [i _53], X = [;],B = [191]

Now, || =|f1 _53|=—6—20—26¢0

= A is a non-singular matrix. Therefore A is invertible and the system (2) has a

unique solution X = A™'B

We have 41 = — (d _b)z—l[_g _5]

ad—bec \—¢ a

We have X = A~ 1B
N e | I Y o e I
[;]:[i]:»x:& y=1

Hence, the unique solution of the given system of linear equations is

x=3,y=1



P4.

Solve the system of linear equations by matrix inversion method
3x+4y +5z =18
2x —y+8z=13
5x -2y +7z =20

Solution: The given system of linear equations is

2x —y +8z =13

3x+4y+52=181
5x — 2y +7z=20

(1) can be written in the matrix form as

AX =B
3 4 5 X 18
whered =12 -1 8|.X= [}f],B = 13}
5 =2 7 z 20
3 4 5
Now,|A] =2 -1 8 (expanding along 1 row)
5 -2 7

=3(—7 +16) — 4(14 — 40) + 5(—4+5) =136 = 0

(1)

" (2)

= Ais a non-singular matrix. Therefore A is invertible and the system (2) has a

unique solution X = A™'B

Let 4;; be the cofactor of g;; in = (afj)gxg , then we have

4y = (=)™ |:; gl =9 ; A = (—1D)1+2 |§ ?l =26
Az = (=113 |§ :;| =1 ; Ay = (1?1 |_42 ;
A,y = (—1)242 |§ §| = —4 : Ayy = (—1)213 |§

4 5

Az = (_1)3“ |_1 8

|=37 Agy = (-1)>2 [
Agg = (*1)3” B _41| =-1

The matrix of cofactors of A is

Ay Ay Ay -9 8 -5
Ayy Ay Aps|=|-8 7 —4
Aszy Agp Ass -2 2 -1

The adjoint of A is the transpose of the matrix of cofactors of A.

9 26 1]T lg —-38 37]

adjd = |-38 —4 26 26 —4 14
37 -14 -11 1 26 —11
L . 9 =38 37
Wehave A"l = —adjA = —[26 -4 -14
|4l 136
1 26 -11

We have, X = A™'B

9 38 37][18] |3
=—|26 -4 14] [13] = H
200 11

Bel1 26 -1

X
=>[y

z
=x=3y=1 z=1

Hence, the unique solution of the given system of linear equations is

x=3, y=1 z=1

Al=26

| =-38



IP1:
Solve the following simultaneous linear equations by using Cramer’s rule.

3x —2y=—4
x+y=12

Solution: The given linear equations can be written as AX = B, where
3 -2 N _[—4
A—[l 1],X—[y],5‘—[12

Here |A| = |3 _12| =3+ 2 =5 = 0. Thus, 4 is non-singular.

Hence we can solve the given linear equations by using Cramer’s rule

_|=% 2| _ . _
4 1=| 5 =20 5 14 =] ] =40
Hence by cramer’s rule x Al 20 4; y Al 0 _g
Al 5 Al 5

. The solution of the given system of equationsis x = 4,y = 8.



IP2:
Solve the following simultaneous linear equations by using Cramer’s rule.

3x +4y + 5z = 18
2x —y+8z=13
ox — 2y + 7z =20

Solution: The given linear equations can be written as AX = B, where

3 4 5 X 18
A=12 -1 B,X:y,B:B‘
5 =2 7 -Z 20
3 4 5
Here |A| =12 —1 8| (expandingalongfirstrow)
5 =2 7

=3(—7+16) —4(14 —40 +5(—4+5) =136 = 0
Thus, A is non-singular.

Hence we can solve the given linear equations by using Cramer’s rule

18 4 5 3 18 5
A, |=]13 -1 8| =408 ; |4, =|2 13 8|=136
20 -2 7 5 20 7
3 4 18
A3 =12 —1 13| =136
5 —2 20
Hence by cramer’s rule
Al 136 Al 136 Al 136

 The solution of the given system of equationsis x =3, y=1, z= 1.



IP3.

Solve the system of linear equations by matrix inversion method

x—y+z=12
2x -y =10
2y—-z=1

Solution: The given system of linear equations is

x—y+z=2
2xy=0; (1)
2y—z=1
(1) can be written in the matrix form as
AX =B (2
1 -1 1 X 2
whereA=12 -1 0 ,X—[y],B— O}and
0 2 -1 4 1
1 -1 1
Now,|A| =2 -1 0 (expanding along 1 column)
0 2 -1

=1(1-0)-2(1-2)=1+2=3=%0

= Ais a non-singular matrix. Therefore A is invertible and the system (2) has a

unique solution X = A™!B
Let A4;; be the cofactor of a;; in = (aU)axa , then we have

-1 0 0

L P e i R
A13=(71)1+3|3 _21|=4 ; 4&121=(71)’”1|_21 _11|=1
I L TR e
Ay =0T =1 A = C7] gl =2

Agg = (_I)HH B :1| =1

The matrix of cofactors of A is

Ay Ay Agg 1 2 4
App Ayy Ap|=1|1 -1 -2
Agy Ags Asg 1 2 1

The adjoint of A is the transpose of the matrix of cofactors of A.

1 2 47 1 1 1
adjA = |1 -1 —2} —lz -1 2
1 2 1 4 -2 1

. s 1 1 1
We have A~1 =made =52 -1 2
4 -2 1

We have, X = A !B

o1 1t

=|y|=:[2 -1 2||o|=]2
3

z 4 2 dll I3

=x=1y=2 z=3

Hence, the unique solution of the given system of linear equations is



IP4.

Solve the system of linear equations
5x — 6y +4z =15
7x+4y —-3z=19
2x +y+ 6z =46

Solution: The given system of linear equations is

S5x —6y+4z=15
Tx+4y — 3z = 191 (1)
2x +y + 6z =46
(1) can be written in the matrix form as
AX =B - (2)
5 —6 4 X 15
whereA=|7 4 -3 ,X=[;V,B= 19
2 1 6 Z 46
5 -6 4
Now,|A| =[7 4 -3 (expanding along 1" row)
2 1 6

= 5(24+3) +6(42 +6) + 4(7 —8) = 419 = 0

= Ais a non-singular matrix. Therefore 4 is invertible and the system (2) has a

unique solution X = A™'B

Let A;; be the cofactor of a;; in = (aU)axz , then we have

Ay = (D |A1} ?l =27 ; Ay = (1)1 |Z ;3| =48
Ay = (D)™ |; £1}| =1 ; Ay = (-1 |_16 2| =40
App = (177 B zl =22 ; Apy = (—1)2%2 |§ _42| =26
Agy = (—1)3* |_46 _43| =2 ; Agy = (—1)3+2 |§ _43| — 43
Aqg = (—1)33 |§ _46| =62

27 48 1

=40 22 —17]
2 43 62

The matrix of cofactors of A is

A1 A Agg 27 —48 -1
Ay Ay Ax| =40 22 17
Ay As, Al L2 43 ez

The adjoint of 4 is the transpose of the matrix of cofactors of A.

27 —48 -1717 27 40 2
40 22 17] —|48 22 43]

adjA =
2 43 62 -1 —17 62
. . 27 40 2
We have A™1 = —adjd = —|—-48 22 43
la| 419
-1 -17 62
We have, X = A™'B
X . 27 40 271115 3
= [y = s —48 22 43||19( = |4
z -1 —17 621146 6

=x=3,y=4 z=6
Hence, the unique solution of the given system of linear equations is

x=3,y=4 z=6



10.8. Linear Equations

EXERCISES

1. Solve the following linear equations by Cramer’s rule and Matrix Inversion

method

a. 5x+7y+2=0

dx +6y+3=0

b. 5x + 2y =3

2. Solve the following linear equations by Cramer’s rule and Matrix Inversion

3x +2y =5

method

al

x+y—z=3
2x +3y+z=10
3x —y—7z=1

b. x +y+z=23

2x —y+z=-1
2x +y—3z=-9

bx — 12y + 25z = 4
4x + 15y — 20z = 3
2x + 18y + 15z = 10

. Ox+3y+z=16

2x +y+3z=19
x+2y +4z =25

c.3x+4y—-5=0

x—y+3=0
d.3x +y =19
2x — 3y = 24

e.3x +4y +2z2=28

2y—3z =3
x—2y+6z=-2

f.2x+y+z=2
x+3y—z=5
3x+y—2z=6

g 2x + 6y = 2
3x —z=—8
2x —y+z=-3

h.3x +4y +7z =14
2x —y+3z=4
x+2y—3z=0






10.10. System of Linear Equations and consistency

Exercise:

I. Examine whether the following system of equations is consistent or
inconsistent .If it is consistent, find the complete solution.
1. Xl + ZXQ = 1 ,—3961 + 21’2 = —2,—961 + 69(2 = O
20 2% — X+ =43 — X+ xy =60,4x, —x, + 2%, =7, X + X — X3 =9
3. %, — X3+ x3=2,3x;, —x;+ 2%, = —6,3x, + x, + x; = —18
4 x;, + 2%, +x3=2,2x; +4x, +3x;=3,3x, + 6%, + 5x;=4
5 2x+6y=—-11,6x+20y—6z=-3,6y—18z=—-1

6. x+y+z=9,2x+5y+7z=522x+y—z=10

II. Find all the non trivial solutions, if any, for the following system of equations
7. 3x+y—4z=0,2x+5y+6z=0,x—3y—8z=0

8. 2x+y+3z=0x+2y—z=0x—y+z=0
9. x+y—z+t=0x—y+2z—t=03x+y+t=0
102w+3x—y—z=04w—-6x—2y+2z=0,—6w+ 12x—3y—4z=0

112x+3y—z=0,x—y—2z=0,3x+y+3z=0

Answers:

. . . 3 1
1. Consistent, unique solution, x; = 3 Xy, = 3
2. Inconsistent
. - . 1 1
3. Consistent, Infinitely many solutions,x; = _Ek —4.,x, = Ek —6,x;=k€eR

4. Consistent, infinitely many solutions, x;, =3 -2k, x, = k,x; =—-1Lk€eR
5. Inconsistent

6. Consistent, unique solution, x =1,y =3,z=5

7. x =2k, vy = —2k,z = k, k € R, infinitely many nontrivial solutions
B.x=y=z=10

9. x = —g,y = g,l—;:,z = At =u, A4 u € R,infinitely many nontrivial

solutions
a o .. .
10.x = R A ALw= g,l”u € R, infinitely many nontrivial solutions

11. Trivial solution only



